
1 Useful Integrals

∫ 2π

0
ejx cos(φ−α)ejnφdφ = 2πJn(x)j

nejnα

∫ π

0
cos(nφ)ejx cosφdφ = πJn(x)j

n

∫ π

0
cos [x sin(φ)− nφ] dφ = πJn(x)

∫ π

2

0
cos [x sin(α)] dα =

∫ π

2

0
cos [x cos(α)] dα =

π

2
J0(x)

∫ π

0
cos (x sin(α)) dα =

∫ π

0
cos (x cos(α)) dα = πJ0(x)

∫ π

2

0
sin [x sin(α)] sinα dα =

π

2
J1(x)

∫ π

2

0
cos [x sin(α)] cos2 α dα =

π

2x
J1(x)

∫ π

2

0
cos [x sin(α)] cos 2α dα =

π

2
J2(x)

∫ π

2

0
cos [x sin(α)] cos(2nα) dα = (−1)n

∫ π

2

0
cos [x cos(α)] cos(2nα) dα =

π

2
J2n(x)

∫ l

2

−
l

2

ejkx cosαxdx = l
K sinK cosA−A cosK sinA

K2 −A2
A =

αl

2
K =

kl

2

∫ l

2

−
l

2

ejkxdx = l
sinK

K

∫ l

2

−
l

2

ejkx sinαxdx = −jl
K cosK sinA−A sinK cosA

K2 −A2

∫ x0+
w

2

x0−
w

2

sinαxdx = w
sin (W ) sin (2X0)

W
W =

αw

2
X0 =

αx0

2
∫ x0+

w

2

x0−
w

2

cosαxdx = w
sin (W ) cos (2X0)

W
∫ π

2

0
sin2m xdx =

1

2

∫ π

0
sin2m xdx =

(2m− 1)!!

(2m)!!

π

2
∫ π

2

0
cos2m xdx =

1

2

∫ π

0
cos2m xdx =

(2m− 1)!!

(2m)!!

π

2
∫ π

2

0
sin2m+1 xdx =

1

2

∫ π

0
sin2m+1 xdx =

(2m)!!

(2m+ 1)!!
∫ π

2

0
cos2m+1 xdx =

(2m)!!

(2m+ 1)!!
∫ π

0

cos [α cos θ]− cosα

sin θ
dθ = Si(2α) sinα− Cin(2α) cos α



2 Sine and Cosine Integrals

2.1 Definitions

Si(x) =

∫ x

0

sin t

t
dt

Cin(x) =

∫ x

0

1− cos t

t
dt

Ci(x) = γ + ln(x)− Cin(x) γ = 0.5772156649 · · ·

Si(ax) =

∫ x

0

sin(at)

t
dt

Cin(ax) =

∫ x

0

1− cos(at)

t
dt

Si(−x) = −Si(x)

Cin(−x) = Cin(x)

Ci(−x) = Ci(x)− jπ
∫ x

0

1 + cos(πt)

1 + t
dt = Cin(π + πx)− Cin(π)

∫ x

0

1 + cos(πt)

1− t
dt = Cin(π)− Cin(π − πx)

∫ x

0

sin(πt)

1 + t
dt = Si(π)− Si(π + πx)

∫ x

0

sin(πt)

1− t
dt = Si(π)− Si(π − πx)

2.2 Asymptotic Expansions for Small Argument

Si(x) =

∞
∑

n=0

(−1)nx2n+1

(2n+ 1)(2n + 1)!
= x−

x3

18
+

x5

600
−

x7

35280
+ · · ·

Cin(x) =
∞
∑

n=1

(−1)n+1x2n

(2n)(2n)!
=

x2

4
−

x4

96
+

x6

4320
− . . .

2.3 Asymptotic Expansions for Large Argument

Si(x) =
π

2
−

cos x

x

(

1−
2

x2
+

24

x4
−

720

x6
+ . . .

)

−
sinx

x2

(

1−
6

x2
+

120

x4
−

5040

x6
+ . . .

)

Ci(x) =
sinx

x

(

1−
2

x2
+

24

x4
−

720

x6
+ . . .

)

−
cos x

x2

(

1−
6

x2
+

120

x4
−

5040

x6
+ . . .

)

If R =
√

a2 + (z − d)2 then
∫ h

0

e−jkR

R
e∓jkzdz = ± e∓jkd {Ci(u1)− Ci(u0)− j [Si(u1)− Si(u0)]}

= ± e∓jkd

{

ln
u1

u0
+Cin(u0)− Cin(u1) + j [Si(u0)− Si(u1)]

}

u0 = k
(

√

a2 + d2 ∓ d
)

u1 = k
[

√

a2 + (h− d)2 ∓ (d− h)
]


