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Fig. 7. Maximum and minimum antenna gain versus thickness of feed
substrate.

An impedance bandwidth in excess of 27% is obtainable from an
ASP antenna that incorporates a thin, high permittivity feed substrate.
This bandwidth is not as broad as the ASP antennas in [3] due to the
effect of the feed substrate on the resonant coupling aperture. How-
ever, the bandwidth is sufficient for a wide range of communications
system applications. The gain maintains a level similar to the initial
ASP structure that utilizes a low permittivity feed substrate, implying
that the surface wave activity remains low.

The impedance bandwidth of the ASP antenna with a high permit-
tivity feed substrate is comparable to that of a frequency scaled ver-
sion of the OEIC/MMIC compatible hi-lo-lo antenna geometry [7]. The
hi-lo-lo structure has the advantage of a ground plane to reduce the level
of back radiation, enabling a superior front to back ratio to that of the
ASP configuration. However, the ASP ground plane provides isolation
between the antenna elements and the feed arrangement, reducing spu-
rious radiation and coupling to other device in the circuit.

As previously stated, the investigation presented here was conducted
near 8 GHz. For communication links at lower than this frequency
band, in particular low microwave frequencies (less than 4 GHz), direct
integration of the printed antenna does not seem feasible. However, in
the millimeter-wave band, where several fiber radio/wireless systems
are being proposed and developed (for example, [8], [9]) direct inte-
gration is a viable, cost effective alternative. For aKa band system,
bandwidth values approaching 35% are achievable.

III. CONCLUSION

The suitability of the microstrip line fed ASP configuration for inte-
gration into an OEIC/MMIC module was analyzed in this paper. The
effects of altering the properties of the feed substrate on the charac-
teristics of the antenna were investigated. It was found that decreasing
the thickness and/or increasing the permittivity of the feed substrate
diminished the maximum achievable bandwidth of the antenna. How-
ever, ample values of bandwidth (in excess of 27%) and gain were
still obtainable using a thickness and permittivity that emulated an
OEIC/MMIC wafer.
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A Relation Between the Active Input Impedance and the
Active Element Pattern of a Phased Array

David M. Pozar

Abstract—It is well known that the active element pattern of a phased
array, obtained by driving a single radiating element of the array while
all other elements are match terminated, can be expressed in terms of the
scattering matrix parameters of the array. In this paper, it is shown how
this relationship can be inverted so that the scattering parameters for all
elements of a phased array can be obtained from the active element pat-
terns of the array. In addition, it is also possible to obtain the active input
impedance of any element in the fully excited array, at any scan angle, from
active element pattern data. The theory is developed for linear and planar
arrays and an example is presented for a linear array of slot antenna ele-
ments.

Index Terms—Active element pattern, phased arrays.

I. INTRODUCTION

As described in [1]–[3], the active element pattern of a phased array
is defined as the radiation pattern of the array when one radiating ele-
ment is driven and all others are terminated with matched loads. Note
that this definition implies that the active element pattern will, in gen-
eral, depend on the position of the particular fed element in the array. If
the array is infinite and uniformly periodic, the active element patterns
will be identical for all elements in the array. If the array is finite but
large, the active element patterns will be approximately identical for
the central elements in the array. The active element pattern has con-
siderable practical importance because the pattern of a fully excited
(scanned) phased array can be expressed in terms of the active element
patterns and the array factor. If the array is large enough so that the
active element patterns can be approximated as identical, pattern mul-
tiplication can be used to simply express the fully excited array pattern
as the product of the active element pattern and the array factor. Since
mutual coupling effects are rigorously included in this procedure, the
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Fig. 1. Geometry of anNelement phased array.

actual scan performance (including scan mismatch and blindness ef-
fects) of a phased array can be predicted from the active element pat-
tern. It is fairly straightforward to measure active element patterns, even
for a large array, since the complication and expense of phase shifters
and a feeding network are not required.

It has been shown in [2] and [3] that the active element pattern of
an element in a phased array can be mathematically expressed in terms
of the scattering parameters of the array and the isolated (nonarrayed)
element pattern. In this paper, we show that this representation can be
inverted to provide the scattering parameters of the array if the active
element patterns are known. In particular, we show that, for anN el-
ement array, knowledge of the magnitude and phase of the active ele-
ment pattern for themth element atN unique angles will provide the
mth column of theN � N scattering matrix. Additionally, this data
can be used to find the active input impedance of themth element of
the fully scanned array atN scan angles. These results apply to both
linear and planar arrays. To demonstrate these relationships, data are
presented for a five-element array of resonant slot elements.

Recent related work includes the use of measured S parameters to
characterize the scanning performance of microstrip patch arrays [4],
an experimental method to determine the scan impedance of large ar-
rays [5], and the introduction of specially defined active element pat-
terns that are shown to be related to the mutual impedance matrix of a
phased array [6].

II. DERIVATION OF THE RELATIONSHIP BETWEEN THEACTIVE

ELEMENT PATTERN AND THE SCATTERING MATRIX

OF A PHASED ARRAY

Initially, we consider anN element linear array fed with voltage gen-
erators having internal impedanceZ0, as shown in Fig. 1. The phase
reference is taken at the first element and the pattern angle� is mea-
sured from thez axis (normal to the plane of the array).

At the terminals of each element, incident and reflected voltages,
V +
i andV �i are defined. The element feed ports are characterized by

theN �N scattering matrix whose elements are defined as [7]

Sij =
V �i

V +
j V =0 for k 6=j

: (1)

The total terminal voltage at theith element is then

Vi = V
+
i + V

�
i = V

+
i +

N

j=1

SijV
+
i : (2)

To simplify the derivation, we assume that the radiating elements
arevoltage-driven elements, meaning that the far field produced by a
particular element is proportional to the terminal voltage at that ele-
ment. Then the field radiated by a single element at the origin can be
expressed as

E0(r; �) = V0F (�)
e�jkr

r
(3)

whereV0 is the terminal voltage andF (�) represents the dominant
polarization of the element pattern. Then the total radiated field of the
array is given by

E
a(r; �) = F (�)

e�jkr

r

N

n=1

Vne
j(n�1)u (4)

whereu = ka sin �.
In the fully excited phased-array configuration, scanning to the angle

�0 requires that the incident voltages at each element be phased as

V
+
n = V0e

�j(n�1)u (5)

whereu0 = ka sin �0. The resulting field from the scanned array is
then given as

E
a(r; �) = F (�)

e�jkr

r
V0

�

N

n=1

e
�j(n�1)u +

N

m=1

Snme
�j(m�1)u

e
j(n�1)u

: (6)

The active reflection coefficient seen at elementm of the fully ex-
cited array is given from (2) and (5) as

�m(�) =
V �m

V +
m

=
N

n=1 Smne
�j(n�1)u

e�j(m�1)u
=

N

n=1

Smne
�j(n�m)u

: (7)

Now consider the active element pattern of themth element, for
which we set all voltage generators to zero except for the generator
at themth element. Then the incident voltages are given by

V
+
n =

V0; for m = n

0; for m 6= n
(8)
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while the reflected voltages areV �n = SnmV0. Using (4) and (8) gives
the active element pattern of themth element as

Ee
m(r; �) = F (�)

e�jkr

r
V0 ejk(m�1)u +

N

n=1

Snme
j(n�1)u : (9)

In the usual case where the array elements are passive,Smn = Snm
and (7) can be written as

�m(��) = e�j(m�1)u
N

n=1

Snme
j(n�1)u

which allows the active element pattern of (9) to be rewritten as

Ee
m(r; �) = F (�)

e�jkr

r
V0 [1 + �m(��)] ej(m�1)u: (10)

Next assume that we are able to measure or calculate the active ele-
ment pattern atN unique angles�i, for i = 1; 2; 3; . . .N . After sup-
pressing thee�jkr=r factor, (10) can be written as a column vector of
N elements

Ee
m(�1)

...
Ee
m(�N)

=V0

F (�1) ej(m�1)u +
N

n=1

Snme
j(n�1)u

...

F (�N) ej(m�1)u +
N

n=1

Snme
j(n�1)u

whereui = ka sin �i. In matrix form, this becomes

[Ee
m] = V0[F ] f[ec] + [es][Sm]g (11)

where[Ee
m] is a column vector of lengthN , [F ] is a diagonal matrix

of orderN with elementsF (�i), [ec] is a column vector of lengthN
having elementsec(i) = ej(m�1)u , [es] is a square matrix of orderN
having elementses(i; n) = ej(n�1)u , and[Sm] is a column vector of
lengthN representing themth column of the scattering matrix. Equa-
tion (11) can be solved for[Sm] as

[Sm] = [es]
�1 1

V0
[F ]�1 [Ee

m] � [ec] = [es]
�1[A]: (12)

The elements of theN element column vector[A] can be simply
expressed as

Ai =
Ee
m(�i)

V0F (�i)
� ej(m�1)u : (13)

Equation (12) can be applied to each of theN active element patterns
of the array, thereby yielding allN columns of the scattering matrix. It
is also possible to evaluate the active element pattern at more thanN
angles and to use a least mean square matrix inversion in (12) to deter-
mine the scattering parameters that provide the best fit to the available
data in a least mean square error sense.

Using (10), the active reflection coefficient can also be found from
active element pattern data and then used to compute the active input
impedance at themth element for theith scan angle as

Zm
in (��i) =Z0

1 + �m(��i)

1� �m(��i)

=Z0
Ee
m(�i)e

�j(m�1)u

2V0F (�i)� Ee
m(�i)e�j(m�1)u

: (14)

Note that, in general,�(�) 6= �(��) andZin(�) 6= Zin(��), except
in the case of an infinite array of symmetric elements or the central
element of a finite array having an odd number of symmetric elements.

With proper indexing, the above results can easily be generalized to
the case of a planar array. Consider a rectangular grid withM elements
(columns) along thex axis with spacinga andN elements (rows) along
the y axis with spacingb, so that there are a total ofK = M � N
elements. Assume that the elements are counted by rows with a single
indexk = 1; 2; 3; . . .K. Thenik = kmodM is thex index (column)
of elementk andjk = 1 + int((k � 1)=M) is they index (row) of
elementk. Let u = ka sin � cos� andv = kb sin � sin�. Then the
radiated field from the phased array [corresponding to (6)] is

Ea(r; �; �) = F (�; �)
e�jkr

r
V0

K

n=1

e�j[(i �1)u +(j �1)v ]

+

N

m=1

Snme
�j[(i �1)u +(j �1)v ] ej[(i �1)u+(j �1)v] (15)

and the expression for the active reflection coefficient [corresponding
to (7)] is

�m(�; �) =

K

n=1

Smne
�j[(i �j )u+(j �j )v]: (16)

The active element pattern of themth element of the planar array is
given by

Ee
m(r; �; �) = F (�; �)

e�jkr

r
V0 ej[(i �1)u+(j �1)v]

+

K

n=1

Snme
j[(i �1)u+(j �1)v] : (17)

The planar array results that correspond to (12) are formally un-
changed, but the matrix elements becomeec(i) = exp[j[(im�1)ui+
(jm � 1)vi]] andes(i; n) = e[j[(in � 1)ui + (jn � 1)vi]] and

Ai =
Ee
m(�i; �i)

V0F (�i; �i)
� ej[(i �1)u +(j �1)v ]: (18)

Observe that both the active element pattern and the isolated element
pattern are required for the above procedures and that these patterns
should be measured (or calculated) at the same distance from the an-
tenna and with the same phase reference.

III. EXAMPLE FOR A FIVE–ELEMENT SLOT ARRAY

As an example to demonstrate the validity of the above results,
we consider here a linear array of thin resonant slot elements. Using
Booker’s relation, the admittance matrix[Y s] of the slot array can be
determined from the moment method impedance matrix[Zd] of the
corresponding wire dipole array [8]

[Y s] =
4

�20
[Zd] (19)

where�0 = 377 
. The impedance matrix of the dipole array can be
found using Richmond’s piecewise sinusoidal (PWS) moment method
solution for thin wire antennas [9]. The admittance matrix of the slot
array can be inverted to obtain the port impedance matrix[Zs] and the
scattering matrix obtained as [7]

[S] = ([Zs] + [Z0])
�1

([Zs]� [Z0]) (20)

where[Z0] is a diagonal matrix of the generator impedances. The usual
moment method procedure is used to calculate the slot terminal volt-
ages for the case in which a single element is excited (active element
pattern) and for the case where all elements are excited with a linear
phase progression (phased array). The far field of a�=2 slot oriented
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TABLE I
CALCULATED ACTIVE ELEMENT PATTERN AND INPUT IMPEDANCE

FOR FIVE-SLOT ARRAY

along thez axis with a PWS current distribution having a peak ampli-
tude ofV0 is given by [8] as

E� =
�jV0
�

e�jkr

r

cos
�

2
cos �

sin �
(21)

which is used to compute the active element pattern of themth element
of the array. The active input impedance of the phased array case can
also be found directly from the moment method procedure.

For a five-element E-plane array of�=2 thin slot elements having a
spacing of�=2, a generator impedance ofZ0 = 350 
 and using one
PWS expansion mode per element, the middle column of the scattering
matrix is found from (20) as

S13 =0:081 02 < �148:09�

S23 =0:178 77 < 43:72�

S33 =0:20976 < �62:06�

S43 =0:17877 < 43:72�

S53 =0:08102 < �148:09�:

The active element pattern and the active input impedance for the
central element of the array is calculated at five angles using the mo-
ment method results as shown in Table I.

With the active element data from Table I, (12) and (14) can be ap-
plied to reconstruct the S parameters and active input impedance. Both
sets of data are in exact agreement with the previous llisted data.

IV. CONCLUSION

It has been shown how the active element pattern data for a phased
array can be used to compute the scattering matrix of the array and
the active input impedance of the fully excited array. While these re-
lationships may not be very useful in practice (since S parameters can
generally be measured more easily than the magnitude and phase of ac-
tive element patterns), they help to convey the fundamental importance
of the active element pattern and its proper interpretation in terms of
mutual coupling and the active input impedance of a phased array.
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Mutual Coupling Between Patch Antennas Recessed in an
Elliptic Cylinder

Chi-Wei Wu, Leo C. Kempel, and Edward J. Rothwell

Abstract—The mutual impedance between two rectangular patch an-
tennas recessed in an elliptic cylinder is computed using a finite element-
boundary integral method. Results show that the coupling between the an-
tennas is dependent on the curvature of the cylinder surface. For H-plane
coupling, the coupling decreases as the radius of curvature increases. For
E-plane coupling, the strongest coupling occurs for a specific curvature.

Index Terms—Antenna array mutual coupling, antenna theory, con-
formal antennas.

I. INTRODUCTION

Cavity-backed microstrip patch antennas are often used in aircraft
applications because of their ability to conform to the vehicle surface.
In practical applications, the curvature of the surface must be taken
into account in the design of the antennas, since properties such as res-
onance frequency and impedance are often curvature dependent. For
arrays of patches, it is important to be able to predict the dependence
on surface curvature of the coupling between patches. In this paper,
the mutual impedance between two rectangular cavity-backed patch
antennas recessed in an elliptic cylinder is computed using the finite
element-boundary integral (FE-BI) method. Since the curvature of an
elliptic cylinder varies along one principle direction, the effect of cur-
vature on mutual coupling can be easily studied by placing the antenna
array at various positions on the cylinder.

II. THEORY

Consider an infinite, perfectly conducting elliptic cylinder aligned
along thez axis. The surface of the cylinder is described by a constant
value of the variableu in the elliptic-cylindrical coordinate system.
Points on the surface of the cylinder are determined by the angular
variablev and the axial variablez. The positionv = 0 corresponds
to the major axis of the ellipse, and, thus, points of greatest surface
curvature;v = �=2 corresponds to the minor axis, and points of least
curvature. A perfectly conducting cavity is recessed into the cylinder
and filled with a material of permittivity" such that the aperture of the
cavity is flush with the cylinder surface. Two rectangular patches are
placed in the aperture, as shown in Fig. 1, and fed with probes carrying
uniform current. The probes are placed so that the patches couple along
either the E plane or the H plane.
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