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Mutual Impedance of Unequal Length Antennas in Echelon*
HOWARD E. KING}

Summary—The expression is developed for the mutual imped-
ance between two staggered parallel center-fed, infinjtely thin
antennas of unequal lengths. Heretofore unpublished curves are
presented here which display the mutual impedance characteristics
for a variety of unequal antenna lengths in echelon.

INTRODUCTION

HE antenna engineer is often confronted with the
Tproblem of predetermining the input impedance

of each radiator of a directional array. In addition
he must frequently determine the interference pattern
due to parasitic wires or antennas adjacent to the fed
antenna. To find the input impedance and/or to find the
induced currents on other wires, it is necessary to de-
termine the mutual impedance between elements.
Carter! has presented the mutual impedance between
two wires in echelon where each antenna is an odd num-
ber of £ wavelengths long. The mutual impedance ex-
pression between two identical nonstaggered parallel
center-fed antennas of Brown? is now a classic. The
work of Brown was carried further by Cox® who de-
termined the mutual impedance between parallel an-
tennas of unequal lengths.

Thus, sufficient data has been presented in the past
to solve the conventional problems. However, the an-
tenna engineer may often require a knowledge of the
mutual impedance between staggered parallel antennas
of arbitrary length. The purpose of this paper is to pre-
sent an expression which combines the work of Carter
. and Cox from which may be calculated the mutual im-
pedance between any two infinitely thin center-fed
parallel antennas of any length whether they be non-
staggered, staggered, or collinear.,

As with all the formulas cited in the references, the
mutual impedance equations apply accurately to in-
finitely thin antennas only, but nonetheless serve as a
practical approximation for real antennas of finite
thickness.

DETERMINATION OF MUTUAL IMPEDANCE

The problem on hand is illustrated in Fig. 1. Two
center-fed antennas of half-lengths /; and /; are shown
" separated by a distance d, and staggered by the height,
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Fig. 1—Two parallel antennas of arbitrary
length in echelon.

k. The mutual impedance between the two antennas of
Fig. 1 is defined by

Zgl = - (1)
Ilb

where Vy is the open-circuit voltage at the terminals of
antenna 2, due to a base current I, in antenna 1. The
open-circuit voltage at the terminals of antenna 2
which results from the voltages induced in all the ele-
mental lengths of the antenna may be found, by appli-
cation of the reciprocity* theorem, to be

1 Itk
Vs, = _~< f E Iy(z)dz +
Iy \Vs

2lot-h

EZLIQ(Z) dZ) N (2)

otk

where Iy is the base (¢.e., feed point) current of antenna
2, and E_; is the component of electric intensity parallel
to the axis of the antenna at a point z along antenna 2,
due to a current in antenna 1. The antenna current dis-
tribution I(z) is assumed to be sinusoidal and given by

htbh<z<yt+h (3)

I:(2) = IamsinB(z — k)
Io(z) = Tamsin (2L + k — 3)

where Is, is the value of current at the current loop or
current maximum. The expression® for parallel com-
ponent of electric field, is given as

4 See, for example, E. C. Jordan, “Electromagnetic Waves and
Radiating Systems,” Prentice-Hall, Inc., New York, N. VY., p. 349;
1950,
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Eq. (1) gives the mutual impedance referred to the base
or feed point. The mutual impedance related to the
loop currents will be given by

FETY LY

Z12 base- (5)

Z12 loop =
1mt 2m

Inserting (2)~(4) into (1), and in view of (5), the
expression for the mutual impedance referred to the
loop currents becomes

lat+h
Zyy = —30[{f sin 8(z — k)
B

20y+h

-+ sin (2l + & — z)}
Loth
_je—iﬂrz

—je—ifn 24 cos Blye~i#r
( it T Rk )dz]. 6)
7 £ )

The geometry of Fig. 1 reveals that

n=vEFE )
n=vEF G ®)
rs = Vd* + (L + 2)% ®

The real part of the complex expression (6) gives the
mutual resistance and the imaginary part gives the
mutual reactance. Eq. (6) can be evaluated by mechani-
cal integration; however, to make possible arithmetical
computations the integration is done mathematically
so that a convenient form is available for calculations.

Substituting the relations (7)-(9) into (6), and fol-
lowing the integrations in a manner similar to that out-
lined in the Appendix, the most general expressions for
the mutual impedance between two thin parallel center-
fed antennas of any arbitrary half-length [; and b,
spaced a distance d apart, and staggered by the value
h, are:
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where

uy = B(VE+ (k=) + (b — L)

% = B(V@+ (h— 1) — (h — 1))

po' = B(V@+ (R +1)* — (b + 1))

v = BVE+ (+ )+ (h+ L)
mo=BEE =L+ R+ (h— L+ b))
=P+ h—-bL+b)?— (h—hL+ D)
pe = B(vVa:+ (h+ L+ L)~ (h+ L+ b))
0 =BVEF+ R +L+DL)F b+ L+ b))
ug = (Va2 + (b — L+ 20)° + (b — Iy + 2b))
v3 =PV + (h— L+ 20)* — (h — L + 2k))
ug = (V& + (h+ L+ 2)* — (b + &L + 2b))
va =BV + (A+ L+ 2)*+ (h+ L+ 20))
w = B(v/@ + B — k)

yi =B+ W+ k)

wy = BVE+ B+ 1) — (h+ 1)

e = B(V&+ (h+ B)* + (h + 1)

wy = B(V@ + (h+ 20)% — (h + 2))

ys = B(VE+ (A + 28 + (B + 2B)).

Considerable reduction in the length of (10) and (11)
results if the length I;=A/4. Furthermore, note that
once Ry; is obtained one can find X by the {ollowing
relations. Let

[y

Ru = X12
Ci(x) = — Si(#)
Si(y) = Ci(y).

Mutvual IMPEDANCE CURVES

The antenna configurations used in this presentation
are illustrated in Fig. 2. In all the curves the mutual

Ris = 15{cos 8(h — &)(Ci () + Ci (90) — Ci (1) — Ci (o)) + sin Bl — B){(—Si (uo) + Si (vo) + Si (1) ~ Si (W)
+ cos B + #)(Ci (u0) + Ci (9') — Ci () — Ci ()) + sin B + &) (—Si (w") + Si (@) + Si (u2) — Si (22))
+ cos B(ly — 2l — B)(—Ci () — Ci (7)) + Ci (ug) + Ci (53)) -+ sin Bl — 2l — A)(Si () — Si (1) — Si () + Si (23))
+ cos Bl + 20 + B)(—Ci (u2) ~ Ci (22) + Ci () + Ci (2a)) + sin B0 + 2k + B)(Si (w2) — i (2) — Si () + Si (w))
~+ 2 cos Bl cos Ba(—Ci () — Ci (y1) + Ci (we) + Ci (32)) -+ 2 cos B sin Bk (Si (1) — Si () — Si (ws) + Si(y2))

+ 2 cos 8 cos B2y + £)(Ci () + Ci (2) — Ci (ws) — Ci (3)) + 2 cos By sin Bk (2ls + &) (—Si (ws) 4 Si (32) + Si () — Si () }

(10)

X = 15{cos B(l — k)(—Si () — Si (wy) + Si (1) 4 Si (=) + sin Bl — &)(—Ci (o) + Ci (2) + Ci () — Ci ()
+ cos B(h -+ A)(—Si (u0") — Si (w") + Si(w) + Si () + sin B + B)(—Ci (') + Ci () 4 Ci () — Ci ()
+ cos B(h — 20 — B)(Si (1) + Si (mr) — Si (ug) — Si (s)) + sin Bl — 2k ~ B)(Ci (1) ~— Ci () — Ci () + Ci ()
+ cos B(h + 202+ )(Si (u2) + Si (#2) — Si (1) — Si (o) + sin By + 26 + B)(Ci (2) — Ci (w) — Ci () + Ci (30)
+ 2 cos Bh cos BA(Si (wn) + Si (y1) — Si () — Si (w)} + 2 cos B sin BA(Ci (wr) — Ci () — Ci (we) + Ci (33)

-+ 2 cos Bl cos B2z + &) (—Si (ws) — Si (v2) + Si () + 51 () + 2 cos gl sin B(2% + A)(—Ci (w2) 4+ Ci (v) + Ci (wg) — Ci ()}

(1)
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Fig. 2--Two parallel antennas in (a) nonstaggered, (b) staggered,
and (c) collinear arrangement.

impedance is referred to the loop currents. Fig. 3 (op-
posite) shows the mutual impedance between two A/2
dipoles (half-length /; =I2=\/4). Note that Fig. 3(a) for
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: h - l]_ + 12
R12 =15 {COS 5(h - 21) [Cl (uo) —Ci (%1) —|— ln—h—l——
-
A o T
+ cos Bk + 1) [Ci (o) — Ci(og) 4 1n LT "
E+ 0L

+ cos Bk — L+ 2) [—Ci (u2) + Ci () + In

+cos Bk + L+ 2L) |:—Ci (v2) + Ci(vg) + In

+ 2 cos Bl cos Bh[—Ci (y1) + Ci(y2) + In :
]Z + l2

h—lh+ 1
E—0L+2
ht+0hL+ 0
40+ 2

k + 212

July

Fig. 3(a) when the antennas are in echelon, z.e., stag-
gered by £2=0 and % =\/4, respectively. The shape is
generally the same with a decrease in magnitude.

Fig. 4 (pp. 309-310) illustrates the mutual impedance
between two antennas of half-lengths 7;=%/4 and
{5 =N/6 for the nonstaggered case (k= —I;= —\/4), and
for two staggered cases (=0, and 2=I,=\/4). Fig. 5
(pp. 310-311) depicts corresponding results for the case
where the hali-lengths are I; =\/4 and [.=A/8.

SpeciaL Casgs
Collinear Array
A special case of echelon antennas is the arrangement
of Fig. 2(c) where d=0 in (10) and (11). This gives rise
to an indeterminate form of « — «. By taking the limit

of the expression as d approaches zero, the mutual re-
sistance and reactance are obtained as

] - sin B(k — 1) [Si (we) — Si(w)]

}+mww+hﬂ$m9—$@ﬁ

]+ sin B(k — by + 20) [~ Si (wa) + Si (us) ]

]+ sin B0k + b + 20) [~ Si () + Si (03]

il ~+ 2 cos 81y sin B&[— Si (y1) + Si (vs) ]

-4 2 cos Bl cos B(k + 21p) [Ci (v2) — Ci(ys) + In P

and

p :l + 2 cos Blysin (A + 21,) [Si (35) — Si(ys) ]} (12)

2

‘ =1
Xy = 15 {cqs Bk — 1) [— Si (o) + Si ()] + sin B(h ~ &) [Ci (o) — Ci (ws) +In m}

4+ cos B(h + L) [—Si (v0) + Si(22)] + sin Bk + 7)) [Ci (20") — Ci(22) + In
4+ cos Bk — Iy + 2I) [Si(ny) — Si(wa)] + sin (& — Iy -+ 20) [—Ci (1) 4+ Ci (us) +1n
+cm5m+4r+mgwum——ﬁ@gy+ﬁnmh+h+2m[—cuwy+cumy+m

+ 2 cos Bl cos BA[Si (31) — Si (y2)] + 2 cos By sin 3k|:~Ci (y1) + Ci(y2) + In

b+ b
h+h+h}
h— b+ 20
B b+ 2
h+l1+l2]
h+h]

41
+ 2 cos 8l cos B + 25)[— i (3s) + Si (95)] + 2 cos Bl sin B(h + m)[(:i(yz) ~ Cily9 - ]} (13)
2

the nonstaggered case (or A= —A/4) is the plot nor-

mally seen in all standard references for two parallel
antennas. Figs. 3(b) and 3(c) show the deviation from

Eqgs. (12) and (13) represent the mutual impedance
for two collinear antennas of any arbitrary lengths /; and
I3, providing £ >1;. Figs. 6-8 (p. 311) represent the mu-
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Fig. 3(c)—Mutual impedance curves for two parallel half-

Fig. 3(a)—Mutual impedance curves for two parallel half- wavelength antennas staggered by h=A/4,

wavelength antennas, nonstaggered.
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Fig. 4(a)—Mutual impedance curves between two parallel antennas
of lengths A/2 and A/3, nonstaggered (referred to the loop cur-

Fig. 3(b)—Mutual impedance curves for two parallel
rents).

half-wavelength antennas staggered by 2=0.
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g. 5(a)—Mutual impedance curves between two parallel antennas
of lengths N/2 and A/3, staggered by k=0 (referred to the loop of lengths 2/2 and A/4, nonstaggered (referred to the loop cur-
currents). rents).
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Fig. 5(c)—Mutual impedance curves between two parallel antennas
of lengths /2 and \/4, staggered by % =\/4 (referred to the loop
currents).
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Fig. 6—Mutual impedance curves between two half-wave-
length antennas in a collinear arrangement.

[ 180
1 ie0

P

140
120

R, X, Z, OHMS
o
7]
/

>

~
> —-.]
RS

[T T

—F
»iw

-~
np

Fig. 7—Mutual impedance curves between two antennas of
lengths A/2 and A/3 in a collinear arrangement.
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tual impedances between an antenna with its half-
length /; =X\/4, and antennas of half-lengths correspond-
ing to la=A/4, A/6, and \/8.

The mutual resistance and reactance of two collinear
\/2 dipoles (,y=I;=\/4) can be written from (12) and
(13), respectively, as

Ris = 15 {sinﬁh[Ci 28(h — 1) —2Ci28(h+0) + Ci28(h+ 3L) + 1In

+ cos BA[—Si28(k — 1) 4+ 2 Si28(k + L) — Si28(k + 31) ]}

and
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R1s=230{cos 2811 [Ci (#5)+ Ci (95) —2 Ci (1)
—2 Ci ()+2 Ci (8d) ]

X = 15 {sin BR[—Si 28(h — 1) + 2 Si28(k + &) — Si 28(k +%31)]

-+ cos Bh[—Ci 2(h— 1) +2Ci28(k+4 1) — Ci28(k+ 3l) +1In

Non-Staggered Arrays

[See Fig. 2(a).] Referring to (10) and (11), if A= —1I,,
then Ry and X, will reduce to the equations given by
Cox for parallel antennas of unequal height which are

Ris = 30{cos 8(ls + 1) [Ci (#0) + Ci (vg) — Ci ()
— Ci (o) — Ci(w1) — Ci(y) + 2 Ci(89)]
+ cos B(Iy — 1) [Ci (#') + Ci (20) — Ci (1)
— Ci (91) — Ci(wi) — Ci(y1) + 2 Ci (8d)]
+ sin B(ls + 1) [~ Si (w) + Si (o) + Si (1)
~ Si (21) — Si (w1) + Si(y)]
+ sin Bl — ko) [— Si (%0") + Si(20) + Si (%1)

~— Si(v) + Si(wy) — Si (y0) ]} (16)
and
X1 = 30{cos B(ly + L) [ — Si (e) — Si (vo) + Si (u))
~+ Si (v1) + Si(w1) + Si(y1) — 2 Si(Bd)]
+ cos B(l — L) [—Si (%)) — Si(v)) + Si (1)
+ Si(21) + Si(ws) + Si(y) — 2Si (8d)]
+ sin By + &) [—Ci (u0) + Ci () + Ci(ay)
— Ci(m) — Ci (wy) + Ci(yn)]
+ sin B(l; — L) [~ Ci (#y) + Ci(2o) + Ci (uy)
— Ci(v) + Ci(w) — Ci(y)]}. (A7)

~ If the radiators are equal in length (I;=/;) and with
* b= —, then the mutual resistance and reactance for
two parallel center-fed thin antennas simplify to

+sin 280 [ — Si (#0)+ Si (26)+2 Si (1) ~2 Si (1) ]
+[—2 Ci (1) —2 Ci (21)+4 Ci (8d) ]} (18)
(B + h)* ]
B+ 200, — 31,
(14)
(h + 1)
B+ 20l — 3112]} ' (15)

and
X12=30{cos 281 — Si (#0) — Si (90)+2 Si (u1)
+2 Si(91)—2 Si(8d)]
+sin 280 [ — Ci (#0) + Ci (v9) -2 Ci (1) — 2 Ci (21) ]
+[2 Si (1) +2 Si (v1) —4 Si (8d) ]}, (19)
which are the formulas given by Brown.

ConcLusioN

The mutual impedance relations for collinear or
echelon arrays with elements of arbitrary lengths were
presented. The expressions are only approximate be-
cause sinusoidal current distributions on both elements
were assumed. However, the information in this paper
should be useful for practical antenna array design.

APPENDIX

A typical term of (6) reduces to
A7=r30 f T sinfr
LS
vt sin g/ FF (G = 3
B V& + (I — 3)°

By change in the variable of x=/;—2, and use of trig-
onometric identity for the product of angles one obtains

sin B(z — h)dz

= 30

sin B(z — k)dz. (20)

L—l9—h
A= 15f [cos Bl — X&) cos B(+/d? + & — %)
13

—h

— sin Bl — A) sin B(/d? 4+ x% — x)

— cos 8(ly — k) cos B(\/d* + * + x)

—sin (I, — B) sin B(+/@® F 22 + =)
dx

ek (21)
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A second change in the variables of 415 f”l [—cos Bs — &) COS ¥ 0
To
#=B(d+ a* - « sin »
Blve + ) —sin Bl — 4) dv] (23)
v=B(Vd + & + x) (22) ?
where ug, 90, %1, and 2, are defined in (10) and (11). The
gives integrals of (23) are recognized as cosine and sine in-
tegrals, and it can be rewritten as
A =15 f 1[—cos B — k) cos ¥ du A=15{cos B(li— ) [Ci (#0) + Ci (v6) — Ci (241) — Ci (1) ]
o +sin Bl — ) [~ Si () + Si (v0) + Si (1) — Si (v1) ]}. (24)
4 sin 8(l — ) sin # du:| Following this procedure, (10) and (11) were derived for
T owu mutual resistance and reactance.
Corrections
The following correction to “Exterior Electromag- . ) a , ’
netic Boundary Value Problems for Spheres and Cones,” Ti(r, ') = Jus(kr) ¥ [#' @ (k") ] r <z
by L. L. Bailin and S. Silver, which appeared on pages
5-16 in the January, 1956 issqe of these TRANSACTIONS, Gy (k") d_ [# By (k") [y o ()
has been called to the attention of the authors by Dr. dr' ,
Leopold Felsen. = o I (k') r>r
The expressions for the field produced by a slot in a gnd )
cone given in the above paper are incomplete. We over- Tolr, 77) = fo,(kr) o P (kr") r<r
looked the contribution made to the TE modes in the = (k") By O (Br) r>

external field by an excitation in the radial direction
along the cone. It is necessary to add a term to our func-
tion IT¥, given by (52) on page 12, that represents the
contribution of the Ez component of excitation in the
aperture. The complete expression is

_ (i)”z 23 (20 + 1)1:,,.»"@05 )

Vi’(l/,', + 1) Sin2 00 ’ 7!'(1 + Bﬂm)
6=9,

y=v;’

a0dv

{f f Cmfi(r', ¢ Tu(r, ') sinm (¢ — )dr'de’
Lt [J}

T2 o2
+ »/'(v; + 1) sin ng fo(#', &) Da(r, 7')

7L 1

-cos m(¢p’ — ¢)dr’d¢’}

where fi(r’, ') is the Er component of the excitation in
the aperture and fo(#’, ¢’) is the E, component; and

A circumferential slot such as is shown on page 13 in
Fig. 3(a) of the paper, in general generates both TM
and TE type modes. The total field contains terms de-
rived from the function II and the function II*. When
the slot runs completely around the circumference and
is excited uniformly (.e., has no variation in ¢), the
function II* reduces to zero and the field consists of
only TM waves. A slot along a generator of the cone
such as is shown in Fig. 3(b) gives rise to only TE waves
and its field is obtained from the function IT*; the results
for such a slot remain as in the paper.

James R. Wait, author of “The Transient Behavior
of the Electromagnetic Ground Wave on a Spherical
Earth,” which appeared on pages 198-202 of the April,
1957 issue of these TRANSACTIONS, has brought the fol-
lowing corrections to the attention of the editors.

In (3), (27)'2X should be replaced by (2zxX)/2,

In (12), a should be replaced by 2.

In Fig. 3, the curve for 1500 mi. was misplotted; it
should be essentially the same as the corresponding
curve in Fig. 4.



