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What Is Physics?

The Rotational Variables

Are Angular Quantities Vectors?

Rotation with Constant Angular Acceleration
Relating the Linear and Angular Variables
Kinetic Energy of Rotation

Calculating the Rotational Inertia

Torque

ewton's Second Law for Rotation

inetic Energy



What is Physics?

Translation, in which an object moves along a straight or curved line.

We now turn to the motion of rotation, in which an object turns
about an axis.

Rotation is the key to many fun activities,

Metal failure in aging airplanes.

Introducing new quantity called rotational inertia instead of
just Mass.




The Rotational Variables

A rigid body is a body that can rotate with all its
parts locked together and without any change in its

shape.
A fixed axis means that the I~
< . -
Rotation | Body This reference line is part of the body
. axis | g and perpendicular to the rotation axis.
I’Otat ION OCCUTrsS a bO Ut an y We use it to measure the rotation of the
body relative to a fixed direction.

s 1 Reference line

axis that does not move.
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Angular Displacement &
Angular Velocity

®’tf\‘\ A = 0/— 9,’

At

Average angular speed » W




Angular velocity & Angular
accelration

®w= lim —=— < Instantaneous angular speed

Wr— @;  Aw
aa‘ —— p—
ot At

<« Average angular acceleration

Aw do
= < Instantaneous angular

a = lim

At—0 At dt acceleration




The right-hand rule establishes the direction
of the angular velocity vector:




Rotation with Constant
Angular Acceleration

do = o« dt : =0t =1,
W=, + at (for constant «)
0;=6; + wit + sat® (for constant a)
of = o? + 2a(,— 0) (for constant @)

0,=0;+ How, + w,)t (for constant a)




Equivalence:

AO < Ax
a<>da

[<>1



Linear and Rotational Motion Analogies

Rotational Motion

Linear Motion

Wy + W Vo +V
AH=( . f)z Ax:(o f)t
2 2
Wy =wqH+ Ot v_f=vo+at
2 2
W 2
Wy v 2
— =—+ aAf f _ Yo
0 D) 2=2+an
1 5
A3=a)fl‘——05t A.X=Vft—_at
2 2




Relating the linear and
Angular Variables

y
‘% O
N . ds e
V=— = r—
g at | at
- \ §
(0] \\l
0 I
‘r' dO/dtZw
UV—TW ‘/

Relation between tangential »
acceleration and angular




The total acceleraton
of point Pisa = a; + a,

2
a,c.—vT=rw2
—> — —>
a—a, + a,

a=Val+a’=Vrad+rro'=Vd + o




Angular and linear velocities
relationship

A T =d sin(0)




Zusammenfassung

Summary

w=2rx/T w=Q




Kinetic Energy of Rotation




Calculating the Rotational

Inertia
Example:
/
\Rotalion/c-) 36 kg
axis Rotation ‘

axis




Example:




Example:

I = 2 m;r;> = Ma® + Ma*> = 2Ma?

Kp = 3L,0* = 3(2Ma®)0* = Ma’w?

8 (b

L= my?= Ma®>+ Ma* + mb* + mb®> = 2Ma? + 2mb?

K, = 3Lw* = 3(2Ma® + 2mb?)w® = (Ma? + mb?)w?




Moment of Inertia

I= E m.r;?

Moment of inertia » = i 2 r2 Am; = ] e
of arigid object Ami—0 =3




Example:

Calculate the moment of inertia of a uniform
rigid rod of length I.and mass M (Fig. 10.9) about

an axis perpendicular to the rod (the y' axis) and
passing through its center of mass.

M
dm = A dx' =Idx’

m = | (x )2 dx' = — (xa)z dx’
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Example:

A uniform solid cylinder has a radius R, mass M, and length L. Calculate its
moment of inertia about its central axis (the z axis in Fig. 10.10).

IT : dm = p dV = pL(27r) dr
|
! | R
|
I
{'\(‘{\\j— L =11r( M Vg = 1ur?
== = T\TRL ;

|




Hops:;r at]hg I c | ) Hollowlcylmder ;l )
cylind MRS Ioy = 5M(R2 + R?) Hoop about
fos z Ry central axis
Solid cylinder | - Rectangularplate & | &
Zu = Lur? fo = 1_2M(a2 w0 Hoop about any
: / diameter
~
le— g —als
|- I= $MR?
Long, thin rod Long, thin
with rotation axis <> rod with e et
through center /J rotation axis
th h end
o = 75 M2 L rough en
N |_/ I= 2 Mmr?
3
Solid sphere <l > 3}:1111 spherical
I = %MR’ 9




The parallel-axis theorem:
img‘ Axis trough

|
I
|
|
I
- ’r Rotation —— —— Axis through
: axis CM

Q

—_——— R ————— .
/
X

[
- I= J (2" + x)?> + (Y + yen)? ] dm

: . . .
[(x")* + (y')* ) dm + 2xcy Jx’ dm + 2ycm Jy'dm + (x> + yCMg)J dm




D? = xcp” + Yo

I=Igy + MD? <« Parallel-axis theorem o/

Consider once again the uniform rigid rod of mass M and length L shown in Figure 10.9. Find the moment of inertia of
the rod about an axis perpendicular to the rod through one end (the y axis in Fig. 10.9).

LZ
I= Iy +MD2=-,‘§ML2+M(§):§ML2 i




Torque
r=rXF

T =7rFsin#,

T=7‘F_L

ET:TI-{-TQ:FIdl_




Example:







Newton's Second Law for Rotation

The tangendal force on the

particle results in a torque on the 2 E — ma,
particle about an axis through .
the center of the circle.
XF, / > 1= Fr= (ma)r a, = n
//' n
/ \
/

, 5F, ) > 7= (mra)r= (mr?)a

\‘-—"

Torque on arigid objectis p
proportional to angular | 2 T v

acceleration




B B B B 2
7, = Fy.ri = miae,t; = my(r;a)r; = mir; a

E Ti:E mir?oz:(g m;rs) o =1 a




Newton's Second Law for Rotation

Torque on arigid objectis P .
proportional to angular E : Text - I (44 i/
acceleration




Example:

A uniform rod of length Land mass Mis attached at one end to a frictionless pivot
and is free to rotate about the pivot in the vertical plane as in Figure 10.17. The
rod is released from rest in the horizontal position. What are the initial angular
acceleration of the rod and the initial translational acceleration of its right end?

Pivot




Example:

A uniform rod of length L.and mass Mis attached at one end to a frictionless pivot
and is free to rotate about the pivot in the vertical plane as in Figure 10.17. The
rod is released from rest in the horizontal position. What are the initial angular
acceleration of the rod and the initial translational acceleration of its right end?

I g

—Determine "rotation axis”

— Write down the torque of external forces
culate I about the rotation axis



3g
1) qo 2T ML/2) 3¢ G=ra=opT
1 imrz 2L
aq=La= 3g |_ . _|
3¢
a = g=—-71

2L Pivot




Example:

A wheel of radius R, mass M, and moment of inertia /is mounted
on a frictionless, horizontal axle as in Figure 10.19. A light cord
wrapped around the wheel supports an object of mass m. When
the wheel is released, the object accelerates downward, the cord
unwraps off the wheel, and the wheel rotates with an angular
acceleration. Calculate the angular acceleration of the wheel,

the translational acceleration of the object, and the tension in
the cord.




v

e

TEXI:I
2 « (3)a=Ra=m2=mg_T

DTew TR ' .
)a= =
(1) a I @) T= e

i 1+ (mR*/1)
EF;—mg— T = ma
) a= £

e T 1 + (I/ mR?)

(2) a= —~ _a _ g

R + (I/mR)




Work and Rotational Kinetic Energy

dW = F-ds = (Fsin ¢)r d6

dW= 1 df v




The work-kinetic energy theorem

2 Toy 0 = dW, AW = 1 df

D Ty 40 = AW = I dw

Work-kinetic energy »

. |
theorem for rotational W= J To do = 1 Tw 2 _ lIw-Q
motion 2 @ 2T 25




Some Corresponding Relations for
Translational and Rotational Motion

Rotational Motion About a Fixed Axis

Translational Motion

Angular speed ©w = db/dt
Angular acceleration a = dw/dt

Net torque 27, = la

a = constant Gf: 0, + wit+ %at2

1T { W= w; + at
\ wf2 - w,-2 + 2“(0]’_ 01)
/

Work W=J T df

o;

Rotational kinetic energy K = 5: Iwg l

Power P = Tw

Angular momentum L = Iw

Net torque 27 = dL/dt I

Translational speed v = dx/dt

Translational acceleration a = duv/dt

L‘l\l{et force 2F = ma l

v=v;+ oat
a = constant { X=X+ oyt + %at2
‘Uf2 - ‘012 + QG(XI_ x,-)

Xy
Work W= f F, dx

%
Kinetic energy K = -;mv2 I
Power P= Fv

Linear momentum — mv
Net force SF = dp/dt | v




Example:

A uniform rod of length L and mass M is free to rotate on a frictionless pin pass-

ing through one end (Fig 10.21). The rod is released from rest in the horizontal
position.

(A) What is its angular speed when the rod reaches its lowest position?

(B) Determine the témgential speed of the center of mass and the tangential speed of the lowest point on the rod when
itis in the vertical position.




X CM



A tall, cylindrical chimney will fall over when its base is
ruptured. Treat the chimney as a thin rod of length
L = 55.0m (Fig. 10-20a). At the instant it makes an angle
of # = 35.0° with the vertical, what 1s its angular speed w,?

¥ ¥




K+ U=K + U

U, = ymgL.
=1 L
i : w P 11—sz + m (—) = %mLZ.
2
K, = 3(3mL?)’.
F= 23 INEE . [308m) .
w—\/T(l 0050)—\/ 50m (1 — cos 35.0°)

= 0.311 rad/s. (Answer)




Falling chimneys (tfaster than g)




Two blocks having different masses m; and m, are connected by a string passing over a pulley as shown in Active Figure
10.22. The pulley has a radius Rand moment of inertia I about its axis of rotation. The string does not slip on the pulley,

and the system is released from rest. Find the translational speeds of the blocks after block 2 descends through a distance
h and find the angular speed of the pulley at this time.

|




K+ U=K+U,

(2"‘1"]2 + 2mzv 2+ lwa) + (m,gh — mygh) = 0+ 0

2
)
smyo? + gmev® + 31—5 = = mqogh — m\gh

e 1 I\ ,_

! , zmn'*‘mz'*'?”j—ng"—mlg*
i
-l — [ 2(my — m\)gh ]“2

! m, + my + I/R2

Y1 2(my — my)gh 12
“"R R

m, +m2 +I/R2




Example:

All these objects have the same potential energy
at the top, but the time it takes them to get down
the incline depends on how much rotational
Hoop Inertia they have.
"\ Empty can
( Sohd cylinder (D-cell)




Example:

Figure 10-19a shows a uniform disk, with mass M = 25kg
and radius R = 20 cm, mounted on a fixed horizontal axle.
A block with mass m = 1.2 kg hangs from a massless cord that
is wrapped around the rim of the disk. Find the acceleration of
the falling block, the angular acceleration of the disk, and the
tension in the cord. The cord does not slip, and there is no fric-
tion at the axle.




The torque due to the
cord's pull on the rim
|- causes an angular

acceleration of the disk.

These two forces

= determine the block's
" (linear) acceleration.
m
F
£ We need to relate
those two
(a) (5  accelerations.

Figure 10-19 (@) The falling block causes the disk to rotate. (b) A
free-body diagram for the block. (c¢) An incomplete free-body
diagram for the disk.

T —mg = m(—a),

we can write the general equation 7., = Ia as

—RT = LMRX(-a).



2m (2)(1.2 kg)
MmO S 12 ke)

= 4.8 m/s?. (Answer)

a=g

T = Ma = 3(2.5 kg)(4.8 m/s?)

= 6.0 N. (Answer)

4.8 m/s?
a=i= e = 24 rad/s?.

R 0.20 m




Example:

98 A yo-yo-shaped device
mounted on a horizontal fric-
tionless axis is used to lift a 30 kg
box as shown in Fig. 10-59. The
outer radius R of the device is
0.50 m, and the radius r of the
hub is 0.20 m. When a constant
horizontal force f*‘;pp of magni-
tude 140 N is applied to a rope
wrapped around the outside of
the device, the box, which is sus-
pended from a rope wrapped
around the hub, has an upward
acceleration of magnitude 0.80
m/s>. What is the rotational iner-

tia of the device about its axis of rotation?

Rigid mount

Figure 10-59 Problem 98.



Example:

95 The rigid body shown in
Fig. 10-57 consists of three particles
connected by massless rods. It is to be
rotated about an axis perpendicular
to its plane through point P. If M =
0.40kg, a=30cm, and b = 50cm,
how much work is required to take
the body from rest to an angular
speed of 5.0 rad/s?




Example:

81 @ The thin uniform rod in Fig. 10-53 has
length 2.0 m and can pivot about a horizontal,
frictionless pin through one end. It is released
from rest at angle # = 40° above the horizontal. 0
Use the principle of conservation of energy to
determine the angular speed of the rod as it
passes through the horizontal position.

Pin
Figure 10-53
Problem 81.




Example:

78 @ A rigid body is made of three
identical thin rods, each with length
L = 0.600 m, fastened together in the
form of a letter H (Fig. 10-52). The
body is free to rotate about a hori-

zontal axis that runs along the length Finure 1052 Problem 78
of one of the legs of the H. The body gure obiem /8.

is allowed to fall from rest from a position in which the plane of the
H is horizontal. What is the angular speed of the body when the
plane of the H is vertical?




Example:

«+66 @ A uniform spherical shell of mass M = 4.5 kg and radius
R = 8.5 cm can rotate about a vertical axis on frictionless bearings
(Fig. 10-47). A massless cord passes around the equator of the shell,
over a pulley of rotational inertia I = 3.0 X 107 kg - m? and radius
r = 5.0cm, and is attached to a small object of mass m = 0.60 kg.
There is no friction on the pulley’s axle; the cord does not slip on
the pulley. What is the speed of the object when it has fallen 82 cm
after being released from rest? Use energy considerations.

Figure 10-47 Problem 66.




Example:

86. JEJ A cord is wrapped around a pulley that is shaped like

a disk of mass m and radius . The cord’s free end is con-
nected to a block of mass M. The block starts from rest
and then slides down an incline that makes an angle 6 with
the horizontal as shown in Figure P10.86. The coefficient
of kinetic friction between block and incline is p. (a) Use

energy methods to show that the block’s speed as a func-
tion of position d down the incline is

\/4Mgvﬂsin 6 — pcosB)
U=

m+ 2M

(b) Find the magnitude of the acceleration of the block in
terms of p, m, M, g, and 6.

Figure P10.86




Example:

74. A common demonstration, illustrated in Figure P10.74,
consists of a ball resting at one end of a uniform board
of length € that is hinged at the other end and elevated
at an angle 6. A light cup is attached to the board at r, so
that it will catch the ball when the support stick is removed
suddenly. (a) Show that the ball will lag behind the falling
board when 6 is less than 35.3° (b) Assuming the board is
1.00 m long and is supported at this limiting angle, show
that the cup must be 18.4 cm from the moving end.

Figure P10.74




Example:

76.| [E] Review. A spool of wire
of mass M and radius R is
unwound under a constant
force F (Fig. P10.76). Assum-
ing the spool is a uniform,
solid cylinder that doesn’t
slip, show that (a) the accel-
eration of the center of mass
is 4F/3M and (b) the force Figure P10.76
of friction is to the right and
equal in magnitude to F/3. (c) If the cylinder starts from
rest and rolls without slipping, what is the speed of its cen-
ter of mass after it has rolled through a distance d?




73.

Example:

IE] Review. A string is wound around
a uniform disk of radius R and mass
M. The disk is released from rest with
the string vertical and its top end tied
to a fixed bar (Fig. P10.73). Show that
(a) the tension in the string is one third
of the weight of the disk, (b) the mag-
nitude of the acceleration of the cen-
ter of mass is 2g/3, and (c) the speed Figure P10.73
of the center of mass is (4gh/3)"/? after

the disk has descended through distance h. (d) Verify your
answer to part (c) using the energy approach.




Example:

75. A uniform solid sphere of radius ris placed on the
inside surface of a hemispherical bowl with radius R. The
sphere is released from rest at an angle 6 to the vertical and
rolls without slipping (Fig. P10.75). Determine the angu-
lar speed of the sphere when it reaches the bottom of the
bowl.

—
[ | ’

. \q,o&!

Flgure P10.75




Example:

72. [E] The reel shown in Figure P10.72 has radius R and
moment of inertia I. One end of the block of mass mis con-
nected to a spring of force constant k, and the other end is
fastened to a cord wrapped around the reel. The reel axle
and the incline are frictionless. The reel is wound coun-
terclockwise so that the spring stretches a distance d from
its unstretched position and the reel is then released from
rest. Find the angular speed of the reel when the spring is
again unstretched.

Figure P10.72




67.

Example:

IE] A long, uniform rod of length L and mass M is pivoted
about a frictionless, horizontal pin through one end. The
rod is nudged from rest in a vertical position as shown in
Figure P10.67. At the instant the rod is horizontal, find
(a) its angular speed, (b) the magnitude of its angular
acceleration, (c) the x and y components of the accelera-
tion of its center of mass, and (d) the components of the
reaction force at the pivot.

1\

Figure P10.67




Example:

[51] X1 Review. An object with a mass of m = 5.10 kg is
attached to the free end of a light string wrapped around
a reel of radius R = 0.250 m and mass M = 3.00 kg. The
reel is a solid disk, free to rotate in a vertical plane about
the horizontal axis passing through its center as shown in
Figure P10.51. The suspended object is released from rest
6.00 m above the floor. Determine (a) the tension in the
string, (b) the acceleration of the object, and (c) the speed
with which the object hits the floor. (d) Verify your answer
to part (c) by using the isolated system (energy) model.

Figure P10.51




53.

Example:

IEJ A uniform solid disk of radius R and mass M is free
to rotate on a frictionless pivot through a point on its rim
(Fig. P10.53). If the disk is released from rest in the position
shown by the copper-colored circle, (a) what is the speed of
its center of mass when the disk reaches the position indi-
cated by the dashed circle? (b) What is the speed of the
lowest point on the disk in the dashed position? (c) What
If? Repeat part (a) using a uniform hoop.

Figure P10.53




Example:

47. The top in Figure P1047 has a moment of inertia of
4.00 x 10~* kg - m? and is initially at rest. It is free to rotate
about the stationary axis AA". A string, wrapped around a
peg along the axis of the top, is pulled in such a manner as
to maintain a constant tension of 5.57 N. If the string does
not slip while it is unwound from the peg, what is the angu-
lar speed of the top after 80.0 cm of string has been pulled
off the peg?

Figure P10.47




Example:

33. |EJ Three identical thin rods, each of length L and mass
m, are welded perpendicular to one another as shown
in Figure P10.33. The assembly is rotated about an axis
that passes through the end of one rod and is parallel to
another. Determine the moment of inertia of this structure

about this axis.

Flgure P10.33




Example:

28. |EJ Two balls with masses Mand m are connected by a rigid
rod of length L and negligible mass as shown in Figure
P10.28. For an axis perpendicular to the rod, (a) show that
the system has the minimum moment of inertia when the
axis passes through the center of mass. (b) Show that this
moment of inertia is [ = pl?, where p = mM/(m + M).

Flgure mo.za




Example:

32. [E} Many machines employ cams for various purposes, such
as opening and closing valves. In Figure P10.32, the cam is
a circular disk of radius R with a hole of diameter R cut
through it. As shown in the figure, the hole does not pass
through the center of the disk. The cam with the hole cut
out has mass M. The cam is mounted on a uniform, solid,
cylindrical shaft of diameter Rand also of mass M. What is
the kinetic energy of the cam—shaft combination when it is
rotating with angular speed @ about the shaft’s axis?

Figure P10.32




Example:

102 The rigid object shown in Fig. 10-62 consists of three balls
2M

2L

o=

Figure 10-62
Problem 102.

and three connecting rods, with M = 1.6 kg, L = 0.60 m, and
6 = 30°. The balls may be treated as particles, and the connecting
rods have negligible mass. Determine the rotational kinetic energy
of the object if it has an angular speed of 1.2 rad/s about (a) an axis
that passes through point P and is perpendicular to the plane of the
figure and (b) an axis that passes through point P, is perpendicular
to the rod of length 2L, and lies in the plane of the figure.



