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Calculation of the Critical Temperature for 2- and 3-Dimensional Ising Models and for
2-Dimensional Potts Models Using the Transfer Matrix Method
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A new graphical method is developed to calculate the critical temperature of 2- and 3-dimensional Ising
models as well as that of the 2-dimensional Potts models. This method is based on the transfer matrix method
and using the limited lattice for the calculation. The reduced internal energy per site has been accurately
calculated for different 2-D Ising and Potts models using different size-limited lattices. All calculated energies
intersect at a single point when plotted versus the reduced temperature. The reduced temperature at the
intersection is 0.4407, 0.2746, and 0.6585 for the square, triangular, and honeycombs Ising lattices and 1.0050,
0.6309, and 1.4848 for the square, triangular, and honeycombs Potts lattices, respectively. These values are
exactly the same as the critical temperatures reported in the literature, except for the honeycomb Potts lattice.
For the two-dimensional Ising model, we have shown that the existence of such an intersection point is due
to the duality relation. The method is then extended to the simple cubic Ising model, in which the intersection
point is found to be dependent on the lattice sizes. We have found a linear relation between the lattice size
and the intersection point. This relation is used to obtain the critical temperature of the unlimited simple
cubic lattice. The obtained result, 0.221(2), is in a good agreement with the accurate value of 0.22165 reported
by others.

Introduction with the number of rows equal to or less than 10, from which
] o ) the exact thermodynamic properties were obtained, in the

~ For many years, the lattice statistics has been the subject ofgpsence of any magnetic field. The calculated reduced internal
intense research interests. Although, at zero magnetic field, thereenergy per sitep(K), was then plotted versus the reduced
is an exact solution for the 2-dimensional (2-D) Ising model, temperaturek, for the square lattice with different lattice sizes,
howgver, there is no such a solution for the 3-dimensional (3- \ypereK = j/kTandj > 0 is the coupling energy for the nearest-
D) Ising and 2-D Potts models. The Potts models are the generalpgighhor spins. It was observed that all of them intersect at a
extension of the Ising model wittystate spin latticé,i.e., the  gjngle point known as the critical temperature. Since the order
Potts model withg = 2 is equivalent to the Ising model. Inthe  f the transfer matrix becomes too large for both the Potts and
absence of an exact solution, series expansions remain as ongye 3.p Ising models, the method cannot be extended to
of the most useful tools in the investigation of the critical caculate the critical temperature for these models, analytically.
properties of a model system. Dofrfthas provided a historical In the present work we have extended the method of Ranjbar
review of series expansions solutions for the Ising model. A 5nq parsafa? to numerically calculate the critical temperature
similar review article for the Potts model is provided by ¥Wu for the 2-D Potts and Ising and 3-D Ising models. In the
and more recently by Bigds!In the series expansions method, - f51owing section, we have shown that the existence of the
which is based on the graph thedrfhe partition function is g ajity relation for the two-dimensional Ising model implies
expanded as a series that counts closed graphs of all possibley, ¢ they(k) at the critical temperature must be independent of
number of bonds of the lattice. In addition to the complexity of 1o size of Iattice. Owing to this fact, we have been able to
the calculation, the disadvantage of this method is that the c5icyate the critical temperature of the square, triangular, and
precision of the calculated critical data depends on the numberhoneycomb lattices. We have then extended the method to the
of terms in the truncated series. _ 3-state Potts models for the 2-D lattices. We have shown that

Other techniques, which have been developed during the pasfour method can be easily used to obtain the critical point for
two decades, are the simulation meth&d$, especially the  the 2-D Potts models. The method has been also extended to
Monte Carlo method. The precision of the calculated critical the 3-D Ising model. Unlike the 2-D models, according to our
point obtained by this method depends on the number of results, the location of the intersection point depends on the
particles used in the model system i.e., the lattice size. Becausdattice sizes, in other words there is no single intersection point.
of the limitation in computer resources we cannot freely increase We have found that the location of the intersection point versus
the size of lattice. the lattice size is almost linear. We have extrapolated the line

In a recent work, Ranjbar and Parsafaused a limited to the unlimited lattice size to obtain the critical temperature of
number of rows, but with the same coordination number for simple cubic lattice.
each site to set up the transfer matrix for the square lattice in
the Ising model. The resultant matrix was solved for the model The Duality Relation and The Common Intersection

Point
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number of all sites is the same. In the 2-D Ising model, for any
site we define a spin variablg(i,j)) = +1, in such a way that

i =1,..randj = 1,...p. We include the periodic boundary
condition as:

o(i +1,j) = o(i, ])
o(i,j+p)=o0(,j)

@)
@)

We take only the interactions among the nearest neighbors

into account. The configurational energy for the model is given
as,

rop
E(o) = —JZZ{O(L Do(i +1,j) +o(i,j)oli,j + 1)} (3)
iI=1j=

The canonical partition function, K, is

E(o)
ZK) =Y e—— 4
(K) % - (4)
Substitution of eq 3 into eq 4 givés,
Z(K) = ; [1/B|202|B|30.|B|10  (5)
o({i}, 1) o({i}, p)
where
iC= lo(1,))B8 |o(2, )LL. @ |o(r, j)T (6)
and
)

a(gi) 0;)0;) 0%)

The elemenB; ;1 of the transfer matriB is defined as,

r

Bt = MBIt + 10=exp(K S [o(i Hoi,t + 1) +

o(i,f)o(i + 101} (8)

By orthogonal transformation, thB matrix can be diago-
nalized, where eq 4 for the large valuespafan be written &$

©)

where thelmax is the largest eigenvalue &. From the well-
known thermodynamic relatio®y = —kTInZ, along with eq 8
the following results can be obtainéd:

Z(K) = (4

max)”

| imax
k) = — f = (10)
u(K) = _WE - 3‘;(}'5) (11)

where u(K) and a(K) are the reduced internal energy and
Helmholtz free energy per site, respectively. The valug.gk

as a function oK was given by Kaufmaki for the limited lattice
as:

IN A pax
r

1 1 .
= E{yl +toy,tyst oty EIn(Z sinh X)

12)

where
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coshf) = cosh(K)cosh(X) — sinh (K)sinh (ZK)cos('%T)
(13)
andK is the reduced temperature of the dual lattice. By the

well-known duality relatioh14 i.e.,e—2% = tanh K), eq 13
can be written as:

coshf) = coth(&)cosh(X) — cos('%t) (14)
Substitution of eqs 10 and 12 into eq 11 gives,
_10, 10
u(K) = 5 aKIn(smh (X)) + or aK{yl +y,+ .y}
(15)

Differentiation of eq 14 with respect 6 gives,

acoshg;) ay,

9 _
—~-coshf,;) = By K

9K = 2cosh(X)(1 — 1/sinh?(2K))

(16)

Because at the critical temperature $(@K.) = 1(see ref
14), we may conclude from eq 16 th@t/o0K = 0 and, hence,
u(Ko)is independent of the lattice sizeThe same conclusion
can be easily obtained for both the triangular and honeycomb
Ising lattices, see appendix A.

The numerical calculation af(K) can be easily programmed
by the well-known mathematical softwares such as Maple,
Mathlab, Mathematica,..., and ARPACK. For the square lattice
with size r, by using eq 8, the elements of tAematrix have
been calculated numerically. We have used ARPACK to
calculate the largest eigenvalugnay, Of the B matrix for
differentK values, and along with eqs 10 and 11 the values of
u(K) have been calculated. The calculation has been repeated
for different lattice sizes. Then, by drawingK) versusK for
different lattice sizes, as expected, all of them intersect at a single
point known as the critical point. Such a calculation was also
been done for the triangular and honeycomb lattices, see Figures
1 and 2. The results of such calculations are compared with the
exact valued* in Table 1, which are exactly the same.

The Potts Model

Although we do not know the exact solution of the Potts
model for the 2-dimension at present time, a large amount of
numerical information has been accumulated for the critical
properties of the various Potts models. For further information,
see the excellent review written by War the references given
by him. The reason for the extension of our approach to the
Potts model is the fact that such a model is an important testing
ground for different methods and approaches in the study of
critical point theory. Although in the absence of any exact
solution for the Potts model we cannot analytically extend the
duality argument to drive the size independence ofufi&),
we may test our approach numerically.

Consider a square lattice with the periodic boundary condition
composed of slices, each wighrows, where each row has
sites. Then each slice has r = N sites and the coordination
number of all sites are the same. For any site we define a spin
variable o(i, j) = 0, +£1 so thati=1,...r andj=1,...p. The
configurational energy of the standard 3-state Potts model is
given as’
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Figure 1. The reduced internal energy verskigor triangular lattice
of the Ising model.
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Figure 2. Same as Figure 1 for honeycomb lattice of the Ising model.

TABLE 1: The Calculated Critical Temperatures Compared
to Those Reported by Others, for Different Given Ising and
Potts Models

Potts models Other Ising models Other
lattices Ourresults  methods Ourresults  methods
Square 1.005@: 0.0001 1.005052.£.0.44074 0.0001 0.440687 2.
Triangular  0.6309t 0.0001 0.630944.5.0.2746+ 0.0001 0.274653 3.

Honeycomb 1.4848& 0.0001 1.48420825.0.65854 0.0001 0.658478 2.
Simple cubic 0.2212 0.0001 0.2216(%)

aExact value given in refs 3, 4, and 20From the recent simulation
methods given in refs 11 and 12Computed values from the given
formula in ref 5.

rop
E(G): _j{éa"a" +5o"a' } (17)
;; (i.),0(,j+1) (i.),0( + 1)
where
0; ;= 1fori =]
6i1j=0f0ri¢j (18)

The canonical partition function, Z{, is
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Z(K) = ; [1/C|2002|CI30..pICI10  (19)
o{1},1) o{i}.p)

The elemenC;.;0f the transfer matrixC is defined as,

r

HCIt + 10= exp{K) [0g0.0+10 T Ooinoirsnlt  (20)

The value ofu(K) was calculated, numerically, and drawn
versusK for different lattice sizes. Again, all of them intersect
at a single point, see Figure 3, which is the critical point. Such
a calculation was also carried out for the honeycomb and
triangular lattices, for which the matrix elements are given in
appendix B, along with those for the Ising models. For each
case we have observed a common intersection point which is
given in Table 1.

3-Dimensional Ising Model

Although there is not any well-known duality relation in the
three-dimensional Ising mod#, our method can easily be
extended to the 3-dimensional lattice. For simplicity, consider
a simple cubic lattice with the periodic boundary condition
composed of slices, each hpdayers. Each layer hasrows
and each row has sites. Then, each slice (limited lattice) has
p-r-m= N sites. A layer of a slice with its nearest neighbor
slices is shown in Figure 4 in which the periodic boundary
condition is taken into account. For any site we define a spin
variableo(i, j, k) = £+1 in such a way thait=1,...m, j=1,...r,
I=1,...p. We include the periodic boundary condition as:

o(i+mj,1)=oa(,j,l) (21)
o(i,j+r,)=o0(,j,1) (22)
o(,j, 1 +p) =o(,j,1) (23)

The configurational energy is given as,

mr p
E(o) =—j i,j, Do(i + 1,j, D) + o, j, Do(, j +
;;;{a(l i, Dol + 1,j, 1) + ofi, j, Do, |
1,0+ ofi,j, Do(,j, | + 1)} (24)
The canonical partition function, X, is

Z(K) = ; [1)D|22|D|3C...pD|10 (25)
o({i}{11.1)  o({itA1}.p)

where

0= |o(L, 1,09 |o(L, 2,0 ® |o(m, 1, )T (26)

0(“%},0 0(;-])0(12,2]) a(mz,r,l)

where the elemerid, 4, of the transfer matriD is defined as,

and

(27)

D41 = DI + 1= exp| Kii [oG,j, Dol +1,j,1) +
o(i,j, Na(i,j + 1, I;—i—Jia(i, i Do, j, 1 + )]} (28)

From the diagonalization of tHe matrix, u(K) anda(K) can
be numerically calculated. The PARPACK package is used to
diagonalize the matrix with the order of"2 from which the
AmaxWas calculated with a high precision. All parallel computa-
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Figure 3. Same as Figure 1 for the square lattice of the Potts model. T T T T
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o Figure 6. Using the intersection points of Figure 5 to obtain the critical

temperature of the 3-D Ising model.

of K. = 0.2212 for the intercept is the critical temperature for
the unlimited simple cubic lattice of Ising model.

\I;;i?#rre;l.géllq%yﬁqr;)ff slice (at the center) with its nearest neighbors, Conclusion

We have shown that our graphical method, in principle, can
tions are performed on a PC cluster composed of four dual be applied to the 2-D and 3-D Ising and Potts models. For the
computers with PIIl 550 MHz processors. The calculated 2-D Ising models, the existence of a duality relation can be used
reduced energy for simple cubic lattice with=€ 3, m= 3), (r to accurately calculate the critical temperature. In fact, our
=4, m=4), and ( = 4, m= 4) was plotted vesuk, shown numerical results are exactly the same as the reported exact
in Figure 5. As shown in Figure 5, the location of the intersection values3* for such cases.
point depends on the sizes of the lattices and it may be related The only exact solution of the Potts model known to date is
to the fact that there is not any well-known duality relation for the Onsager’s solutidrof the two-state Potts model, and the
the 3-dimensional Ising mod#&l.As shown in Figure 5, with transformation to the dual is known analyticaftyfor this case.
increasing the sizes of the lattices the valu&ct j/KT at the For the other models, the duality relation is expected to be at
intersection point decreases. To obtain the valu€¢fve have work, but its existence has only been tested numeriéaf.
to obtain the intersection point for two unlimited lattices with  The existence of the conjectured duality relati®fh'®1%has been
different sizes, however, such a point may be predicted if we used to calculate the critical temperature. Although our calcu-
have an expression for the intersection point in terms of 1/ lated critical temperatures for the square and triangular lattices
wheren = mrmir’. To do so, the intersection points of Figure are exactly the same as those predicted values by other méthods,
5 have been plotted versusi1As shown in Figure 6, the points  for the honeycomb lattice there is a small difference between
are located almost on the straight linekqf= 2.4454h+0.2212 our calculated value and that obtained from the formula given
with R =0.99997, wher&? is the linear correlation. The value by W (i.e., Equation 5.1b of ref 5). For this reason, such
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difference for the honeycomb lattice may be attributed to the 8cosh6/1(2)(')/2) 37’1(2)(')

incompleteness of eq 5.1b of ref 5. COShﬁ/l(z)(')/Z) : =
We have shown that our method can be used to calculate the?< 3}/1(2)(') oK

critical temperature of the simple cubic Ising model. The 1 w(l)

obtained result, 0.221(2), is in a good agreement with the —[ 1+ cos—~ (A 8)

accurate value of 0.22165, obtained from the recent simulation 4

methodst!12The small inaccuracy in our results is due to the  Because at the critical temperature exp= \/:_3 (see ref

limitation dictated by available computer resources. However, 20), we may conclude from eq A.8 thag)/aK = 0 at this

we expect to obtain more accuracy if matrixes of higher orders point, and hence(K,) is independent of the lattice size, The

than 2° are used. same result can easily be obtained for the honeycomb lattice,

as well.
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Appendix A lattice, B, j+1,

r

Based on the duality argument, the valué.gfxas a function B .. =exgK i i+ 1)+ ofi i+1,j+
of K was given by Wanni@? for the limited triangular lattice L A £ [ofi, Dot} )+ ol Do J

as, 1)+ o(i, j)oi + 1,))]} (B.1)
In 4 honeycomb Ising latticet; j+1, with even number for,
= %In(z sinh X) + %{yl(l) +y, 0+ 9y, @404 r

Ay 2y a1y M= e KT o o(i+1,)) +

(t12)

;n{i for it's dual (i.e., the honeycomb) lattice, it can be shown ZG(Zi —1,j)o(2,j+ 1)} (B.2)
1 =
n 7+ triangular Potts latticeC;, j+1,

max
r

= In(2sinh X*) + 2—1r{y1<1’ + oy, 4y, @+

v 4 APy 2 a2y G = EXXK ) (046, o) F O poitritn T
£

O iy iqi B.3
whereK* and K are related by the duality relation of sink2 ot o1l (B-3)
sinh K = 1. The expressions for,") andy,") are given as,  and honeycomb Potts lattich); 1, with even number for:

0}
2 2
(i)
Vo'l 1
Ccos 7 = é K
Theory of Critical Phenomen®omb, C. Ed.; Tailor & Francis: New York,
1996.
where (4) Phase Transitions and Critical Phenomeiizomb, C.; Green, M.
S. Eds.; Vol. 3; Academic Press: New York, 1974.
A (5) Wu, F. y.Rev. Mod. Phys 1982 54, 235.
w(i) == (A.5) (6) Biggs, N. I.; Shrock, RJ. Phys A (Lett), 1999 32, L489.
r (7) Algebraic Graph TheoryBiggs, N. L. Ed.; Cambridge University
Press: Cambridge, 1993.
(8) Picco, M.; Ritort, FPhysica A 1998 250, 46.

r/2
1 w(l) r
+5 2 (A 3) MJ 1 exm K[ 60(| ),0(+1,j) + Zao(Zl 1,j),0(2, J+1)]}

i=1 (B 4)

a)(l) 1/2
K71 + COSZT
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