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ABSTRACT

Ali Moosavi

Transport Properties of Multi-Phase Composite Materials

Lappeenranta 2003
93 p.
Acta Universitatis Lappeenrantaensis 149
Diss. Lappeenranta University of Technology

ISBN 951-764-725-5   ISSN 1456-4491

This research concerns the calculation of the effective transport properties of multi-phase
composite materials. The composite materials under investigation are composed of a periodic
array of inclusions embedded in a matrix. The geometry of the inclusions taken into account
are circular cylindrical, elliptical cylindrical and spherical. The inclusions can be solid or
multiply coated. The method used for these studies is Rayleigh’s method. Highly accurate
values for the lattice sums have been obtained using recently developed algorithms. A series
of explicit formulations used to facilitate the calculation of the effective transport property of
the systems under study are reported here.

The behavior of the systems as a function of the transport properties of the phases is
inspected. For multi-phase composites with cylindrical inclusions highly an-isotropic
behavior is observed.

The procedure for finding the equivalent systems of multi-coated systems with circular
cylindrical inclusions, when the sum of the transport property of the layers is equal to zero, is
studied. It is found that to construct the equivalent system in multi-coated systems, many
layers should be modified. Furthermore, multi-coated systems with elliptical cylindrical and
spherical inclusions do not have similar equivalent systems. The results are verified using a
numerical simulation method.

The effect of interfacial resistance on the effective conductivity of multi-phase systems with
circular cylindrical and spherical inclusions is studied, assuming that the interfacial resistance
is concentrated on the surface of the inclusions. It is found that there is a specific condition in
which the effect of one phase on multi-phase systems in the direction of calculation of the
effective conductivity can be neglected. This condition may be estimated by 1−≤ kR , where
R  and k  are the non-dimensional interfacial resistance and the relative conductivity of the
neglected cylinders, respectively. The case 1−= kR  applies when the same relation exists
between the interfacial resistance and conductivity of all types of cylinders.

Two resistor models are used for deriving the upper and lower bounds of the effective
transport property. It is found that the physical behavior of these bounds can be different from
the natural behavior of the systems.

Keywords: transport property, multi-phase, composite materials.
UDC  536.2 : 620.18 : 517.927
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NOMENCLATURE

Arabic letters

a radius of the cylindrical or spherical inclusions

b distance between the inclusions in the x-direction

c  distance between the inclusions in the y-direction for 3-D structures

61 cc ,,L constants

D electric flux density

f volume fraction

Eext magnitude of external field

F total volume fraction

F heat flux vector

k thermal conductivity

H electrostatic potential

i unit vector in the direction x

j unit vector in the direction y
i
nJ Bessel function of kind i and order n

M number of the inclusions in the unit cell

N number of the layers in coated systems

n normal outward unit vector

O order

q a parameter encountered in calculating the lattice sums

R interfacial resistance

r radial distance

S lattice sum

SP extra heat flux resulting from the inclusions

SI extra heat flux resulting from the interface

T temperature

V volume

x,y,z cartesian coordinates

( )φθ ,lmY spherical harmonics of order (l, m)
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Greek letters

1nδ Kronicker delta (1 if n =1 otherwise zero)

ε dielectric constant

φ azimuthal angle

nγ multipolar polarizability

κ wave number

µ elliptic cylindrical coordinate

θ  polar angle

σ surface area of the inclusions or boundary

ψ potential function

Superscripts

d dynamic

+ upper bound

- lower bound

* complex conjugation

′ perpendicular  direction

Subscripts

e effective

ext external

I interface

P particle

Acronyms

SC simple cubic

BCC body-centred cubic

FCC face-centred cubic
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1. INTRODUCTION

1.1 Composite materials: definition, classification  and importance

There is no unique definition for composite materials [Schwartz, 1984], and different

definitions are available; however, for our purposes, the term composite material refers to a

system that consists of two or more distinct phases that are separated from each other by an

interface. The phases are insoluble in each other.  Composites usually have three parts;

namely, a matrix (background), structural constituents and an interface. The matrix is a

homogeneous material which surrounds the other phases and the interface is the boundary or

surface between the phases. One way of classifying composites is according to the

specification of the structural constituents. The structural constituent can take many forms

such as particles, fibers, laminates, fillers, flakes or combinations of the above.

The above definition brings to mind many systems that are of clear and essential

technological importance. Examples are wood, foam, oil-filled porous rocks, colloidal

suspensions, emulsions, solid rocket propellant, concrete, reinforced materials, to name just a

few. Therefore the study of the behaviour and property of composites has a lot of potential

and for years has attracted researchers in different fields including physics, biology,

engineering, mathematics, materials science, geophysics and hydrology.

1.2 The subject of this study

In this research, the purpose is to determine the effective property of multiphase composite

materials that are made up of periodic structures  [Moosavi and Sarkomaa, 2002a; Moosavi et

al., 2002b; Moosavi and Sarkomaa, 2003a; Moosavi and Sarkomaa, 2003b; Moosavi and

Sarkomaa, 2003c]. For the sake of greater familiarity, the formulations will be given mainly

in the context of thermal conductivity, but the studied properties can be considered to be all

those listed by Batchelor [1974] that are mathematically equivalent (recently Torquato [2002]

has provided a similar table with more details). These properties include thermal and

electrical conductivity, dielectric permittivity, magnetic permeability, mobility, the

permeability of a porous medium, the modulus of torsion in a cylindrical geometry and the
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effective mass in bubbly flow. The inclusions studied in this thesis are in the shape of circular

cylinders or spheres; but also composites with periodic arrays of elliptical cylinders are

examined. The basic formulations and results can be used for any purpose, although here the

focus is applications in which the effect of one or more of the phases is neglected. For coated

composites, the interesting behaviour reported for singly coated circular cylinders is

considered. A further generalisation of this phenomenon is provided and extended to

multicoated systems. For multiphase non-coated composites, cases in which the effects of

phases with perfect and imperfect interfaces can be neglected, will be explained.

1.3  Motivation for selecting the cases for the study

1.3.1 Periodic composites with ideal inclusions

Only a few composites can be considered periodic and as having ideal inclusions. However, it

should be noted that accurate calculation of the effective properties of real structures can be

very difficult if not prohibitive. Ideal structures are under consideration here, since the

mathematics involved in these systems is manageable and the effective property may be

calculated to a high degree of accuracy. The results can be useful for understanding the

interplay between microstructures and the effective property of real structures, and

specifically those which can be approximated with the use of periodic structures. Also, the

results provide a way of testing well-known classical numerical methods such as the boundary

element method, finite difference method or finite element method [Baltz  et al., 1997].

1.3.2  Coating composites

In many cases it is necessary to coat the inclusions; one such case is for the purpose of

increasing the wettability and adhesion of the inclusions and the matrix. When the enhancing

effect of the inclusions is not sufficient, a coating layer may modify the behaviour of the

system. For protection from chemical reactions, a suitable coating layer can also be applied.

In some cases, the coating layer is unwanted but occurs because of many problems in the

production processes. For instance, due to a mismatch in thermal expansion, a coating layer

with a third material may appear between the inclusions and the matrix. In some cases,
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modelling a system as a coated one may provide reasonable results, even though the system is

not exactly coated. This is the case for wet wood for which the moisture is considered to be a

coating layer. Therefore, extending the formulations to coated systems may have many

implications.

1.3.3 Composites with interfacial resistance

Most of the research has been performed assuming an ideal interface, but interfacial resistance

may occur because of a variety of phenomena, such as physical irregularities at the

boundaries, the presence of impurities, reaction on the surface of inclusions, acoustic

mismatch at cryogenic temperature, or the presence of a gap between the inclusions and the

matrix [Shai, 1982; Sanokawa, 1968; Eardley, 1973; Bhatt, 1992; Little, 1959; Torquato,

1995]. It is very important to take this effect into account, as the effective conductivity of the

system may be significantly changed and a system with conducting inclusions may behave

like a system that has non-conducting inclusions. In a more general case, the effect of

interfacial resistance can be modelled assuming that there is a coating layer around the

inclusions. However, in some cases, interfacial resistance can be characterised by introducing

a non-dimensional parameter assuming that the interface has no thickness and that interfacial

resistance is concentrated on the surface of the inclusions. This is the case, for example, with

Kapitza resistance [Little, 1959; Torquato, 1995] or when the Knudsen number in the gap is

considerable.

1.3.4  Multiphase composites

The behavior demonstrated by multi-phase systems can be completely different from that

understood on the basis of two-phase systems. Also, extending the discussion to multi-phase

cases introduces further generalisations into the formulations and relations.

1.4  Earlier studies

Contrary to general belief, the knowledge required for producing composite materials is not

new. For example, archaeological studies show that the inhabitants of Finland were able to

produce fibre-reinforced ceramics 4000 years ago [Lukkassen, 2002]. The scientific
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investigation for deriving the effective property of composites is also old and begins from the

work done by Maxwell [1873], Rayleigh [1892] and Einstein[1906].

In his treatise, Maxwell [1873] outlined the procedure for calculating the effective

conductivity of composite materials that have a very small volume fraction of randomly

arranged sphere-shaped inclusions, and derived a first-order relation of the volume fraction

for the effective conductivity of these materials. A considerable improvement was made to

Maxwell’s relation by Jeffrey [1973] who considered the interactions between the spheres

using a methodology put forward by Batchelor [1972] and was successfully able to obtain a

second-order relation. Chiew and Glandt [1983] later presented a modified version of

Jeffrey’s formulation. Other research calculating the transport properties of composites with

random arrangements can be found in reports by Sangani and Yao [1988], Bush and

Soukoulis [1995], Kirchner et al. [1998] and others.

The research into periodic structures was initiated by Lord Rayleigh [1892]. Rayleigh took

into account composites made up of periodic arrays of circular cylinder- and sphere-shaped

inclusions. By describing the polarisation of each sphere in an external field using an infinite

set of multipole moments, Rayleigh derived a relation for calculating the effective

conductivity (electrical or thermal) of these materials of ( )310fO , where f is the volume

fraction. Rayleigh’s methodology turned out to be problematic. Rayleigh decided to use an

arbitrary method for calculating one parameter (lattice sum 2S ) included in his methodology,

without explaining the reason; therefore, his method has been questioned by several

researchers [Jeffrey, 1973]. Mckenzie and McPhedran [1978] modified the Rayleigh method

and explained the physics and mathematics in the problematic section of Rayleigh’s

procedure (see also Poulton et al. [1999]). Rayleigh’s methodology has since been validated

by many researchers. It is powerful and can be extended to electromagnetic [Nicorovici et al.,

1994], elastostatic [McPhedran et al., 1994] and elastodynamic [Movchan et al., 1997]

problems.

Runge [1925] studied the effective property of composites with periodic arrays of coated

circular cylinders, but the core of the system considered by Runge had a property equal to that

of a matrix. The discussion was generalised by Israelachvili et al. [1976] and Ninham and
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Sammut [1976]. Mentuaful and Todreas [1994] derived a more developed explicit relation for

the effective property of these composites. Nicrovici et al. [1993a] studied the case in more

detail in the context of dielectric permittivity and reported strange behaviour for these

composites. The same authors later extended the results to composites made up of randomly

arranged coated circular cylinders and as well as to composites made up of periodic and

random arrays of coated-spherical inclusions [Nicorovici et al., 1993b; Nicorovici et al.,

1995]. Lu and Lin [1995; 1997] used the coating procedure for the purpose of modelling

interfacial resistance in composite materials. Lu et al. [1996; 1997] have also presented the

necessary changes needed to extend the Maxwell methodology to coated systems. For non-

coated multi-phase composite materials, the work of McPhedran [1984] can be indicated who

considered calculating the effective transport properties of three-phase composite materials

having two different types of spherical inclusions arranged in the CsCl lattice (i.e., two

intermeshed simple cubic lattices). More recently, Whites [2000] and Wu and Whites [2001]

have developed a formulation for calculating efficiently numerically the effective property of

multi-phase materials made up of periodic structures composed of spheres or cylinders, within

the context of permittivity.

In addition to composites made up of inclusions in the shape of spheres or circular cylinders,

composites made up of inclusions of other shapes have also been investigated, for example

composites made up of inclusions in the shape of elliptical cylinders [Obdam et al., 1987;

Nicorovici et al., 1996] or spheroids [Lu, 1998]. Schulgasser [1992] and Fel et al [2000] have

provided some examples of structures whose the effective property can be easily found by

using the Keller reciprocal relation [Keller, 1964]. A simple example could be a square

checkerboard, which has been widely studied [Craster et al., 2001]. The case of a rectangular

checkerboard, however, requires a considerable effort [Obnosov, 1999]. The effective

conductivity of materials with square cylinders has been studied by Andrianov et al. [1999],

who have applied the Padé approximation. More generally, Obnosov et al. [1999] have

considered rectangular and triangular inclusions using complex variables.

Instead of considering a composite material and then calculating the effective property, it is

possible to design composites with a specific property. Recently, Torquato et al. [2001] and

Hyun et al. [2001, 2002] have adopted optimisation techniques for this purpose (the so-called
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Target-Optimisation method). In this method, the unit cell is divided into many cells, each of

which contains the material of the matrix or the other phases. Using numerical procedures, the

cells are gradually moved until they yield a final structure that has the effective target

property.
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2. COMPOSITE MATERIALS WITH PERIODIC ARRAYS OF

CIRCULAR CYLINDERS

In this chapter the problem of calculating the effective transport property of composite

materials with circular cylindrical inclusions is discussed. First, the simplest case will be

considered, i.e. one in which the cylinders are uniform and solid and the interface has no

resistance, and the solution given by Rayleigh [1892] is explained. After that multiphase cases

will be considered. Multiphase cases can occur as a result of the coating of the inclusions

[Moosavi and Sarkomaa, 2002a] or the presence of different types of inclusions in the system

[Moosavi and Sarkomaa, 2003a]. Both these cases will be taken into account separately and

the behaviour of these systems explained. The effect of interfacial resistance will also be

discussed [Moosavi and Sarkomaa, 2003b].

2.1 Two-phase composites with arrays of uniform and solid circular

cylinders

Let us consider composite materials that are made up of uniform and solid inclusions of a

circular cylindrical shape and arranged in a rectangular array with periodicities equal to a

unity in the y-direction and b in the x-direction and immersed in a matrix with unit

conductivity, as depicted in Fig. 2.1(a). The radius and the reduced conductivity of the

inclusions will be titled by a and k, respectively. This way, the unit cell of the system would

be a rectangular cylinder with sides equal to b and c , in the x- and y-directions, respectively,

having a circular cylindrical inclusion with conductivity k and volume fraction baf 2π=  in

the middle, as shown in Fig. 2.1(b).

The problem under study is deriving the effective conductivity of the system in the x- and y-

directions. The effective conductivity can be simply obtained along the axis of the cylinders

by using the arithmetic average technique, i.e., kff +−1 .
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        (a)             (b)

Figure 2.1 A composite material composed of a matrix and dispersed phases shaped like
circular cylinders arranged in a periodic arrangement (a), and the unit cell of the system (b).

Suppose that a uniform field of magnitude extE  is applied externally along the x-axis of the

system in the negative direction.    Thereby, the temperature inside the cylinder and the matrix

in the polar coordinates ( )θ,r  where θ  is measured from the x -axis can be expressed as:

                                  ( )∑
∞

=

′++=
1

01 sincos
l

ll
l lClCrCT θθ                           ar ≤                 (2.1)
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l
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l lrBrAlrBrAAT θθ          ar >               (2.2)

The periodicity of the system implies that 0C  and 0A  differ from one cell to another, but the

other coefficients are essentially the same for all cells. Because of the symmetry of the

temperature around 0=θ , ll AC ′′ ,  and lB′  will be neglected. Also, the temperature is anti-

symmetric around 2πθ = , and therefore, l can only be an odd number. As a result, the

temperature functions can be reduced to the following:
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Next, the unknown coefficients will be derived. In the interface, the temperature and heat flux

are continuous. Thus, we have

                                         21 TT = ,       rTrTk ∂∂=∂∂ 21            ar =                                (2.5)

Applying the above-mentioned boundary conditions, the coefficients of the temperature

functions can be related to each other, i.e.,

       
24
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12
12 −

−

−
− =

n
n

n
n a

B
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γ
                                                   (2.6)
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where

                                            
k
k

n +
−

=− 1
1

12γ             
2

1
12

k
n

−
=−χ                                              (2.8)

As can be seen, 12 −nγ , which we can be referred to as multipolar polarisability, and 12 −nχ  are

not n-dependent, but since they are, in general (for the case of coated cylinders or in the

presence of resistance), functions of n, they will be kept in this form.

The temperature functions cannot still be determined since the relations given in (2.6) and

(2.7) are relations between the coefficients only and do not provide suitable equations in terms

of the unknowns; a further series of relations between the coefficients is required. Many

methods known nowadays, such as the Rayleigh method [1892], Zuzovski-Brenner method

[1977], collocation scheme [Lu and Lin, 1994], inclusion model [Lu, 1998], and others have

been considered for this purpose.

Here, the Rayleigh method is used, as it is the oldest and has received a lot of attention in the

literature [Meredith and Tobias, 1960; Mcphedran and Mckenzie, 1978; Perrins et al.,  1979;

Cheng and Torquato, 1997]. It is based on the fact that the temperature around the origin,

when origin not included, can be considered due to terms originating at infinity and at the

other lattice sites. The reason is as follows: the temperature function given in Eq. (2.4)
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consists of two types of terms. The terms that contain 12 +− nr  are clearly due to the sources

situated at the origin, since by increasing the distance from the origin these terms diminish.

The terms that contain 12 −nr  cannot be due to the sources at the origin because they increase

when r  increases; therefore they originate from other existing sources in the system. The

external field for any point placed in ( )yx ,  leads to a temperature increase equal to xEext . For

this point, sources situated on the axis of the jth cylinder will also lead to a temperature

increase equal to ( )∑
∞

=

−
− −

1

12
12  12cos

n

n
jjn rnB θ  where ( )jjr θ,  is polar coordinate of the point

when measured from the jth cylinder center. With this explanation the following relation can

be written:

                    ( ) ( ) j

j n
n

j

n

n

ext
n

n n
r
B

xEnrAA θθ  12cos  12cos
0 1

12
12

1

12
120 −+=−+ ∑∑∑

≠

∞

=
−
−

∞

=

−
−               (2.9)

The left-hand side of Eq. (2.9) can be considered as the real part of the relation

    ( )∑
∞

=

−
− ++

1

12
120 i

n

n
n yxAA               (2.10)

The right-hand side can also be written as the real part of the following:

( ) ( )[ ]∑∑
≠

∞

=

+−
− −+−++

0 1

12
12 ii

j n

n
jjnext yxByxE ηα                           (2.11)

where jα and jη  are coordinates of the center of the jth cylinder measured from the origin.

Now successive differentiation with respect to x on both sides of the above is performed and

the results at the origin evaluated (this can be done at any other point [McKenzie et al.,

1978]). In this manner  the following equations are obtained:
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where ( )∑
≠

−+=
0

i
j

n
jjnS ηα are the lattice sums. For more details on calculating the lattice

sums, the reader can refer to chapter 6. The above set of equations can be rewritten as
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where 1nδ  represents the Kronecker delta (1 for n=1, otherwise 0). Using relation (2.6), the

following expression is finally obtained:
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All the unknown coefficients can be derived by solving the above set of equations and using

(2.6) and (2.7). By examination of this linear system, it is found that this is a system of linear

algebraic equations with infinite unknowns. The aim here is not to try to solve the system of

equations totally, but to concentrate, instead, on deriving only a few values of B. This is

because considering 12 −nB  for a sufficiently large n has no significant effect on the

temperature values. The set of equations can be solved using different well-established

methods such as lower-upper decomposition (LU) and singular value decomposition (SVD)

methods. When the volume fraction or conductivity of the inclusions increases, more terms

should be considered. To give the reader an estimation on the number of terms for

consideration, some of the results of Perrins et al. [1979] for the square array (b=1) are

reported in Table 2.1. As can be seen in this table the most difficult cases happen for perfectly

conducting cylinders near to contact.
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Table 2.1. The number of terms that should be considered to obtain an accuracy of 5 decimal
digits (a maximum percent relative error of 0.01) for the effective conductivity of composites
with periodic cylinders in a square array.

f \k 2 10 50 ∞
0.1 1 1 1 1
0.3 2 2 2 2
0.5 2 4 4 4
0.7 4 10 12 8
0.75 6 18 24 36
0.78 8 36 48 100

This makes it possible to obtain the temperature functions, but there is still have no relation

for calculating the effective conductivity of the system. This can be done using different

methods. Rayleigh [1892] used Green’s theorem which will be explained below for uniform

solid cylinders. For the case of three-phase non-coated cylinders, however, a volume

averaging method [Lu and Lin, 1995; Cheng and Torquato, 1997], which can be more

confidently applied to a case involving an imperfect interface, will be explained.

2.1.1 Green’s theorem and the effective conductivity

Based on Green’s theorem for functions ϕ  and ψ  with continuous second derivatives, the

following relation, which is Green’s second identity, can be written [Spiegel, 1968]:

                                    ( ) σ
ψ

ϕ
ϕ

ψψϕϕψ
σ

d
nn

dv
V

  
 

22 ∫∫ 







∂
∂

−
∂
∂
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where V  and σ  are the total volume and surface area, respectively. If both ψ and ϕ  satisfy

the Laplace equation through the volume, the following can be written:
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Now, let us suppose that x=ψ , T=ϕ  and that the medium being investigated is the unit cell

of the composite material under study. As a result on can obtain
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Here, tbrl σσσσ ,,,  refer to the left, right, bottom and top surface boundaries of the unit cell,

respectively. cσ  is the surface of the cylinder inside the unit cell. The integral on surfaces

bσ and tσ  is zero because 0=∂∂=∂∂ nTnx . Also, we have
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In (2.18), G is the average gradient. From the above

                                                     02  1 =+− BEbGb ext π                                                    (2.21)

can be obtained and, as a result, the effective conductivity of the system is

                                               
extextext

e E
Af

bE
B

E
G

k 111 2
1

2
1

γπ
−=−==                                        (2.22)

As can be seen, knowing 1B  is enough for obtaining the effective conductivity of the system.

The relative conductivity of the medium without inclusions is clearly equal to a unity;

thereby, the term ( )extbEB12π  is produced as a result of the presence of inclusions in the

matrix. This term can be positive (an impairing case), negative (an enhancing case) or equal to

zero.
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2.1.2 The effective conductivity for the perpendicular direction and Keller theorem

In general, the effective conductivity is a tensor of rank two (see Torquato [2002] for details).

For the case 1≠b , the effective conductivity in the y-direction is not equal to that in the x-

direction and should be calculated. For this purpose, the same method as explained for the

parallel direction may be applied. If the system is rotated by an angle of 2πα = , we get
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where lS ′  are the lattice sums over the cylinders in this new position. It can be proven that

( ) n
n

n SS 22 1−=′  for 1>n  and also that 22 2 SbS −=′ π  [Nicorovic and McPhedran, 1996].

The effective conductivity now is
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The effective conductivities in the parallel and perpendicular directions have been linked to

each other through the well-known Keller reciprocal relation [Keller, 1964; Milton, 1988; Fel

et al., 2000], i.e.,

                                                      ( ) ( ) 1111 =′× ,, kkkk ee                                                      (2.25)

This fact can be easily proven. By considering that reversing the conductivity of the phases

only makes the sign of γ  negative and applying the above-mentioned property of the lattice

sums (see also Perrins et al., [1979]) from relation (2.23), it is found that

              
( ) ( ) =′−








−

−+
+

′−
−−+

∞

=
−

−

− ∑ 12222

1
24

12

12 1 
12

3221
m

m
mn

m
n

n

n
n

BS
n

mn

a
B

γ 1
1  

2
1 n

ext
ext bE

B
E δ

π







 ′
−             (2.26)

By using Eq. (2.24) and comparing the above relation with (2.14), it is found
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Writing the above relation for 1=n  and using Eq. (2.24) again gives
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By applying Eq. (2.22), the following relation is finally obtained

                                                            ( ) ( ) 1111 11 =′× ,, kkkk ee                                              (2.29)

2.1.3 Explicit forms for the effective conductivity

As can be seen in Table (2.1), for low volume fractions or when the conductivity of the

cylinders is small, considering a few values of 12 −nB  may yield reasonable results. It is more

useful to derive an explicit relation for the effective conductivity of the system within these

boundaries. On the basis of the method used for truncating (for example square or triangular

manner) and the number of the unknowns taken into account, different expressions may be

obtained [Manteufel and Todreas, 1994].  Using triangular truncation of the second order

gives

                                                    extEBSBS
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=++ 34122
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1 3
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whence
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where π21 bSc =  and ( )42
42 3 πbSc = . In Table 2.2 the constants for some of the values of b
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have been reported by calculating highly accurate values for the lattice sums [Movchan, 1997;

Huang, 1999; Huang, 2001].

Table 2.2 The numerical constants of the explicit relation (2.32) for the parallel and
perpendicular directions

                                              Parallel                                       Perpendicular
           b                        1c                       2c                         1c                          2c

1 1.000000000 0.305828278 1.000000000 0.305828278
3 0.187018134 1.310523128 1.812981866 1.310523128

2 -0.09421981 2.312822989 2.094219807 2.312822989
3 -1.14159216 11.68912746 3.141592162 11.68912746
5 -3.23598776 90.19360281 5.235987756 90.19360281
10 -8.47197551 1443.097645 10.47197551 1443.097645

2.2  Multiphase composites with arrays of uniform and coated circular

cylinders

The theory for coated cylinders (see Moosavi and Sarkomaa [2002a]) can be formulated in the

same manner as that discussed in the case of solid cylinders. To start with, the solid cylinders

given in Fig. 2.1 are replaced by the multi-coated ones shown in Fig. 2.2. As can be seen in

Fig. 2.2, the multi-coated cylinders under study are made up of a core of radius 1a  and N-2

coating layers placed in the regions ii ara ≤≤−1  ( )12 −= Ni ,,K , respectively. With these

considerations, the volume fractions occupied by the core and coating layers can be obtained

from ( ) baaf iii
2

1
2

−−= π , where 00 =a  and the total volume fraction can be expressed

as ∑
−

=

=
1

1

N

i
ifF . The conductivity of phase i is denoted by ik . For the composite, the temperature

profiles inside the core, coating layers and the matrix can be expressed as:
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Figure 2.2  The multicoated circular cylinder under study.

Following the same discussion as that given for solid cylinders, the following equation can be

derived for the system:
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After performing the required steps explained in section 2.1, the governing equations of the

system can be derived as
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where N
n 12 −γ  can be obtained by successively applying the following procedure
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which is the result of implementing the boundary conditions between the phases, i.e.
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++
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11     and           iar =    ( )11 −= Ni ,,K                   (2.38)

The effective conductivity of the system can be derived again using Green’s theorem. In

applying Green’s theorem, only the surface of the boundaries of the unit cell and that of the

outermost coated cylinder, which is in contact with the matrix, are considered. Therefore, it is

not surprising that the same formula is derived as that for solid cylinders, i.e.,
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γπ
−=−=                                          (2.39)

2.2.1 Phase abandonment in multicoated composites

The behaviour of singly coated cylinders has been studied by Nicorovici et al. [1993a; 1993b;

1995]. The coating sequence effect has also been investigated by Lu [1997a]. Here the

attention is mainly focused on the results reported by Nicorovici et al. The property selected

by these authors was the dielectric constant, and therefore they were able to choose the

property of the layers from ∞− to ∞+ . The dielectric constant expresses the ability of a

dielectric to store electrostatic energy under the influence of an electric field. In electrostatic

the equation ( ) 0=∇∇ Hε.  needs to be solved, where ε  is the dielectric constant and H the

electric potential. There is also H∇−=  εD  where D denotes electric flux density. These

equations are mathematically equivalent to ( ) 0=∇∇ Tk.  and Tk∇−=F , respectively, in heat

conduction. For some transport properties, such as dielectric constant, negative values are of

physical significance and are realisable. Materials can be designed to exhibit negative values

of certain transport properties, such as magnetic permeability (a constant of proportionality

that exists between magnetic induction and magnetic field intensity), even though they do not

normally exhibit negative values for these properties [Vessalago, 1968]. It is also possible to

go further and design materials with two negative transport properties [Smith et al., 2000].

These materials may exhibit strange behaviour. For example, materials where both the
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dielectric permittivity and magnetic permeability are negative (so-called left-handed

materials) demonstrate a negative refractive index [Pendry et al., 2001].

Next, the discussion is extended to a multicoated case (see Moosavi and Sarkomaa [2002a]).

The transport property is here denoted by ε . As can be seen in Eq. (2.36), the term

( )24
11212 1 −

−−− = n
N

N
n

N
n aγξ  plays an important role in the response of the system to the applied field,

as this is the only part of the set of equations which contains information on the property and

volume fraction of the layers. Therefore, if a completely different set of coating cylinders with
∗N  phases satisfies the condition N

n
N
n 1212 −
∗
− = ξξ , it can be applied instead of the original coated

cylinders, and the effective transport property of the system in both states will be the same.

For example, for the case of coating layer i, for which 0=iε , 11 =+i
nγ  is derived. As can be

seen, 1+i
nγ  does not contain any information on the property and radius of the layers under

layer i; therefore, they can be arbitrarily chosen. The same occurs when ±∞=iε , which

yields 11 −=+i
nγ .

Now, a more interesting case is considered in which 01 =+ −ii εε . Nicorovici et al. [1993a]

showed that for a singly coated system, cases 12 εε −=  and 12 εε =  surprisingly demonstrate

the same response to the applied field. In other words, coated cylinders can be replaced by

solid ones that have a property equal to that of the core and a radius equal to that of the

coating layer. The reason is clear. Let us derive 3
12 −nξ :
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When 12 εε =  or 12 εε −= , 3
12 −nξ  reduces to ( ) ( )[ ]24

11313  −−+ naεεεε . Since all the parameters

remain unchanged, the responses of the systems are exactly the same. It can also be shown

that the cases 32 εε −=  and 12 εε =  conditionally produce the same response. The condition is

that for the two-phase case, the radius of the dispersed phase must be equal to 1
2
2 aa , where

1a  and 2a  are the radii of the core and shell, respectively, for the three-phase system. This
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result is important, since this way when 1a  and 2a  are both small but the ratio of 12 aa  is

large, the three-phase system will give the response of a two-phase system with the radius of

the inclusions equal to 1
2
2 aa , which can be completely considerable. As a result, the

response of a concentrated system can be produced with a system that has a very small total

volume fraction.

In the following, a multicoated system when the sum of the dielectric constant of two

dispersed layers, i-1 and i, is equal to zero, is considered. For this case
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This relation would yield the same 1
12

+
−

i
nξ  and, as a result, the same N

n 12 −ξ  if layer i had the same

property as layer i-1 and all the layers under layer i-1 were magnified by a factor of

( )4
1−ii aa . Layer i-1 undergoes two changes; magnification by occupying the place of layer i

and reduction due to the extension of layer i-2. Thus, this case can be materialised only if

21 −− > iii aaa . This means that for the case where the property of the layers is equal to

( )2111 εεεε ,,,, ±± L , the following can always be written:

                                      ( ) ( ) 1
1

2111
2111 =
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×

εεεεε
εεεεε

,,,,
,,,,

L
L

e
e                             (2.42)

The system satisfies the Keller reciprocal relation (see chapter 4); and thus we have

                                        ( ) ( ) 111 11 =′× NeNe εεεεεε ,,,, KK                                             (2.43)

By applying (2.42) and (2.43), we obtain

                              ( ) ( ) 11111 21112111 =±±′× εεεεεεεεεε ,,,,,,,, LL ee                        (2.44)

In addition to inspecting 1
12

+
−

i
nξ , let us now also study i

n 12 −ξ  when 01 =+ −ii εε , i.e.,
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An inspection of the above relation shows that when 1−−= ii εε , another equivalent system

can be obtained differently. In this system, the layers 1,…,i-3 have been extended by a factor

of ( )4
21 −− ii aa . The layer i-1 now has the property equal to that of layer i-2 and its outer

radius is ( )211 −−− × iii aaa . This system can be materialized if 21 −− < iii aaa . 

The results of the present study have been verified using the finite element method. Consider,

for instance, the following simple example. Based on the above formulations for a triply

coated system, cases 321 εεε =−=  and 321 εεε ==  should give the same response to the

applied field. The results for both systems are given in Figures 2.3(a, b). As can be seen in

both systems, the fields through the matrix are exactly equal, which means that both systems

have exactly the same effective property.

                                                                                                                                                

                                (a)                              (b)

Figure 2.3 The equipotential contours inside a unit cell. The original system (a) and the
equivalent system (b).
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2.3 Three-phase composites with arrays of solid circular cylinders

In this section, the problem of calculating the effective conductivity of composites made up

of two types of cylindrical inclusion arranged in a periodic array and embedded in a

continuous phase is discussed [see Moosavi and Sarkomaa, 2003b], as depicted in Fig. 2.4.

The configuration of the geometry selected for the study makes it possible to construct many

periodic structures that can be extensively found in literature. First, the Rayleigh method will

be developed for a three-phase composite system. Then, the algorithm is verified, comparing

the results with some existing numerical results. Finally, the behaviour of the system is

inspected. Only the mathematical algorithms for the x-direction will be explained. As outlined

in section (2.1.2), the same mathematical formulation can be extended for the y-direction.

Furthermore, the effective conductivities can be related to each other using the Keller

theorem.

Figure 2.4 The structure of the three-phase materials under study

2.3.1 Governing equations

Suppose that the origin of cartesian coordinates has been placed at the centre of a cylinder of

type one in a unit cell of the system in which the x- and y-axes are parallel to the sides of the

unit cell (see Fig. 2.4). Furthermore, assume that the matrix of the composite under study has

unit conductivity, and the periodicity of the system in the y-direction is equal to a unity for
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greater generality. Also the periodicity of the system in the x-direction is denoted by b.

Applying these conditions, the conductivity of the cylinders is denoted by 1k  and 2k , the

radiuses by 1a and 2a  and the volume fractions by 1f  and 2f  for the cylinders of type one and

two, respectively. Let us assume that a uniform field of magnitude extE  has been applied

along the x-axis of the system in the negative direction. By taking the center of one of the

cylinders of type i ( )21,=i as the origin of polar coordinates ( )θ,r , the temperature within the

cylinder can be given as

                       ( ) ( )θθ  1-2 cos
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and for the temperature outside the cylinder the following may be written
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where m stands for the matrix. Note that as in the previous cases in (2.48) and (2.49), the

terms of even degree are not present because of the anti-symmetry of the temperature profiles

around 2πθ = . At the surface of each type of cylinder, we have
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By applying the above boundary conditions, the following relations can be obtained:
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where
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In the same manner as explained for the two-phase case, the terms in (2.47) can be analyzed.

By separating the effect of sources situated on the axes of the cylinders of type one and two

the following can be written:
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where ijr ,  and ij ,θ  are measured from the center of the jth cylinder situated in the array of

cylinders of type i. If the above equation is written in complex form [Moosavi and Sarkomaa,

2003a] and successive differentiation is performed with respect to x on both sides of the above

equation, and the results evaluated at the origin of cylinder of type i, the final result after

using (2.49) would appear as
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Here, ( )∑
≠

−+=
0

i
j

n
i,ji,j

i
nS ηα are the lattice sums over the cylinders of type i, where ij ,α  and

ij ,η  are the coordinates of center of the cylinder j of type i in the current polar coordinates.

2.3.2 Volume averaging technique for determining the effective conductivity of the

system

Based on Fourier’s law, the effective conductivity of the system can be derived using the

following formula:
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                                                         Tke ∇−=F                                        (2.54)

where ( )∫=
cellV

cell dVV FF 1  and ( )∫∇=∇
cellV

cell TdVVT 1  are the average heat flux and

temperature gradient over the unit cell, respectively. The average heat flux can be considered

because of the matrix and cylinders of type one and two, i.e.,
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where 1V , 2V  and 3V  are the volumes of cylinders of type one and two and the matrix placed

in the unit cell, respectively. The average temperature gradient can also be written as follows:
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From Eqs. (2.56) and (2.57), we can obtain
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where

                                                         ∫∇
−

=
iV

i
cell

i
iP dVT

V
k

 

1
S                                  (2.59)

or equivalently, using Green’s first identity [Spiegel, 1968], we have
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Here, iσ  is the surface of inclusion of type i and n expresses the unit outward normal vector

to the surface. After using the orthogonality properties of trigonometric functions, the

following can be obtained:
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By substituting the resultants in Eq. (2.58) and taking into account iextET =∇  and bVcell = ,

the final result for the effective conductivity can be given as
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or more generally, for a case in which M  cylinders are placed in the unit cell, the effective

conductivity of the system can be obtained using

                                                    ( )∑
=

−=
M

i

extcell
i

e EVBk
1

121 π                                            (2.63)

2.3. 3 The effective conductivity in explicit forms

To assist calculating the conductivity of the system under study, some relations are here

derived in explicit forms. Based upon the triangular truncation of second order, the following

can be obtained:

                              ( ) ( ) ( ) ( )112121
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with
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where πbSc 1
21 = ,  ( ) 21

4
4

2 3 Sbc π= , ( ) 22
4

4
3 3 Sbc π= , πbSc 2

24 =  and ( )42
4

1
45 3 πbSSc = .

The higher orders may be ignored to obtain a simpler relation

                                                      
1

2

2

1 22
1

υωυω
ff

ke −−= ,                                                   (2.67)

where
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                                                        ( ) i
i
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The constants for cases 1=b  and 3=b  (the parallel and perpendicular directions) are listed

in Table 2.3.

               Table 2.3 The numerical constants of the analytical formula (2.64)

→b 1 3  (Parallel) 3  (Perpendicular)

1c    1.000000000 0.187018134 1.812981866

2c    0.305827837 1.310523128 1.310523128

3c    7.645695831 1.310523128 1.310523128

4c    1.000000000 1.812981866 0.187018134

5c  -1.529139176 -1.310523128 -1.310523128

2.3.4 Behaviour of the system and phase abandonment

Before starting the discussion on the results of the three-phase system, it is helpful to verify

the validity of the extension to the three-phase system. A series of calculations for two-phase

composites with uniform cylinders arranged either in square ( )1=b  or hexagonal
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orders ( )3=b  will be performed and the results then compared with those reported by

Perrins et al. [1979].
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Figure 2.3 A comparison between the present results and those reported by Perrins et al.
[1979].

The two-phase cases can be constructed from the three-phase one simply by applying 21 ff =

and 21 kk = . For this purpose highly accurate values for lattice sums over cylinders of type

one and two were derived and Eq. (2.53) (i=1,2) was solved numerically using LU

decomposition method [Press et al., 1986]. Taking into account 100 unknowns of 112 ,nB −  and

212 ,nB −  gives us a measure of obtaining accurate results for all the volume fractions and

conductivities considered [Perrins et al., 1979]. In Fig. 2.3 the results are compared for both

the square and hexagonal arrays for the most challenging case, i.e., the case of perfectly

conducting cylinders. As can be seen for all the values of volume fractions, the results of the

two studies are in excellent agreement.

Figure 2.4 shows a typical result for the effective conductivity of the system for both the

parallel and perpendicular directions. The volume fractions are 40 and  40 21 .f.f == , and the

periodicity in the x-direction was supposed to be  3=b .
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Figure 2.4 The contours of the effective conductivity for the perfect interface case.
401 .=f and 402 .=f

For deriving the conductivity of the system in the perpendicular direction either Eq. (2.53) can

be solved and Eq. (2.62) applied or, alternatively, the Keller theorem can be used for this

purpose. Through a careful examination of this figure, it appears that increasing or decreasing

the conductivity of both types of cylinders may enhance or diminish the conductivity of the

system, respectively, which is obvious and remains correct for both directions. Furthermore,

the system demonstrates higher effective conductivity in the perpendicular direction. This

behavior is a consequence of the rectangular shape of the unit cell which provides a more

(less) important role for the cylinders with lower conductivity in the parallel (perpendicular)

direction. Interestingly, for the case of mono-sized cylinders with ∞=1k  and 02 =k ,

increasing the volume fraction of the cylinders causes the conductivity of the system to

approach zero in the parallel direction and approach infinity in the perpendicular direction

(see Table 2.4). When perfectly insulating cylinders touch each other, they form a barrier

which prevents heat flow in the parallel direction. This behavior can also be observed for all

systems for which 1>b . For the case 1=b , however, the system is isotropic and the same

results can be expected for both directions. For this case, the same type cylinders are not able

to touch each other and a limited value for the effective conductivity of the system can be
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expected. Surprisingly, it was found that the effective conductivity of the system is simply a

unity.

Table 2.4 The effective conductivity of three-phase materials made up of mono-sized
cylinders for which 01 =k  and ∞=2k .

F ek ek ′
0.1 0.983871 1.01639
0.2 0.937008 1.06723
0.3 0.863599 1.15794
0.4 0.769417 1.29969
0.5 0.660207 1.51468
0.6 0.539863 1.85232
0.7 0.408730 2.44660
0.8 0.261159 3.82908
0.9 3E-7 19.253
( )32π 0 -

This result can be confirmed using the Keller theorem as follows: since the system is isotropic

and interchange between the material of the cylinders keeps the system unchanged, using Eq.

(2.43) it is possible to get

               ( ) ( ) ( ) ( ) 111111111 =×=′× ,k,kk,k,kk,k,kk,k,kk eeee                              (2.70)

Considering 0=k  proves our case. Sculgasser [1992] has shown that in a three-phase system

with interchangeable phases (see Fig. 2.5), when one of the phases has conductivity equal to k

and the two remaining phases are perfectly conducting and non-conducting, the effective

conductivity of the system is k. From the above results, it is clear that it is not necessary for

the first phase to be interchangeable, and it can simply be a matrix.

For the case 1=b  with non-equal sized cylinders, if ( )2
12

4
−≤

π
if , 

22 i
f δ−  can be increased

freely to the touching value limit, and the effective conductivity of the system can approach

infinity or zero, depending on the conductivity of the touching cylinders.
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Figure 2.5 The structure investigated by Schulgasser et al. [1992]

Figure 2.6 shows the results of the effective conductivity for a system with a lower total

volume fraction, i.e., 401 .f =  and 202 .=f . b as before is  equal to 3 . A comparison with

Fig. 2.4 reveals that the case 121 == kk  is the only situation in which both systems for the

given conductivities present the same effective conductivity. In this situation 021 == γγ ,

which leads to 02
1

1
1 == BB , and as a result, 1=ek .
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Figure 2.6 The contours of the effective conductivity for the perfect interface case. 401 .=f
and 202 .=f .
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Figures 2.4 and 2.6 also show that having cylinders with conductivities equal to the

conductivity of the matrix is not the only condition for the effective conductivity to be equal

to the conductivity of the matrix. In fact, this case is a special state of the following general

situation:

                                           02
122

1
111

2
1

1
1 =+=+ AfAfBB γγ                                                (2.71)

The importance of the situation 121 == kk  ( 02
1

1
1 == BB ) is that it is independent of the

values of 1f , 2f  and b , and for all theses situations, it would be found that 1=ek , which is

physically obvious. This behavior does not hold for the other values of the conductivities.

2.3.5 Heat transfer with  interfacial resistance

If the dimensionless interfacial resistances [Torquato and Rintoul, 1995] are denoted by iR

( )21,=i , the boundary conditions given in (2.48) will change to the following shape

[Moosavi and Sarkomaa, 2003b]:
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Therefore, for the coefficients of the temperature profiles, we obtain
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When the interface is imperfect, the volume averaged heat flux may be formulated using the

same formula as for a perfect case, but the volume-averaged temperature will contain extra

terms because of the temperature jump in the interfaces, i.e.,

                    ( ) ( ) 
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Therefore, the volumes averaged of the temperature and flux can be related to each other by
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By performing the integrals, we can derive
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By substituting the resultants in Eq. (2.77), the same formula is interestingly obtained as for a

perfect interface
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Chiew [1987], in studying the effect of resistance on the conductivity of two-phase

dispersions made up of a random array of spheres, showed that there may be a critical

situation in which the system does not sense the presence of the inclusions and behaves like a

uniform matrix. A study into the behaviour of composites consisting of periodic and random

arrays of uniform cylinders [Lu and Lin, 1995 and Lu and Song, 1996] and periodic arrays of

spheres [Lu, 1997b and Cheng and Torquato, 1997] revealed that for all these cases, a critical

situation occurs if 1−= kR . Here, the discussion will be extended to three-phase systems.

Again, the extension is validated by comparing the results with those of two-phase systems

[Lu and Lin, 1995] as shown in Table 2.5.

Table 2.5 A comparison between the present results and those reported by Lu and Lin [1995]
for the square array of the uniform cylinders.

Lu and Lin
[1995]

Present Lu and Lin
[1995]

Present Lu and Lin
[1995]

Present

f \(1/R)                ∞                  0.1              0.0001
0.2 1.49906 1.49906 1.48676 1.48676 0.718703 0.718703
0.5 3.07141 3.07141 2.98364 2.98364 0.413291 0.413291
0.6 4.32252 4.32252 4.12547 4.12547 0.327454 0.327454
0.7 7.36828 7.36828 6.68414 6.68414 0.241682 0.241682
0.74 10.8513 10.8513 9.18034 9.18033 0.204152 0.204152
0.76 15.1110 15.1110 11.6103 11.6103 0.182844 0.182844
0.78 33.79 33.79 16.8449 16.8449 0.15565 0.15565
0.785398     -    - 19.7137 19.7136 0.15 0.14

As can be seen, the results of the two studies agree very well except for the case

000101 7853980 .,. == Rf . In the present study the number of terms included in the process

of calculation was increased to more than 100 to see if the difference might be due to the

number of terms. The obtained result was again about 0.14. Since the other values are greatly

in agreement with those of Lu and Lin [1995], the suggested value for this case in this study is

0.14.

Figures 2.7 and 2.8 show the contours of the effective conductivity of the system for given

conductivities. 1k  and 2k  were supposed to be 101 (this way, the logarithm  of

10021 == RR  would be an integer number) and volume fractions  4021 .== ff  in Fig. 2.7
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and 401 .=f , 202 .=f  in Fig. 2.8. As can be seen, the contours of the effective conductivity

are similar to those in Figs. 2.4 and 2.6, and the effective conductivity of the materials can be

highly affected because of the presence of interfacial resistance, and based upon the values of

1R  and 2R , the materials may exhibit a conductivity more, equal or even less than that of the

matrix alone. Among the points rendering the presence of inclusions irrelevant, the case

1−= ii kR (i=1,2) is of particular interest. In this situation, based on Eq. (2.75), the dipole

polarisabilities are zero, which leads to 02
1

1
1 == BB , and the state of the system resembles

that of a system of perfect interfaces made up of inclusions the conductivity of which is equal

to a unity. Therefore, it can be expected that changing the volume fractions, b , does not alter

the conductivity of the material from that of the matrix, which is correct.
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Figure 2.7 Contours of the effective conductivity for the imperfect interface case. 401 .=f ,
402 .=f , 1011 =k  and 1012 =k .

Examination of Figs. 2.7 and 2.8 also shows that for any given values of iR , maximum there

is a value of 
22 i

R δ−  at which the system yields a conductivity equal to a unity in the parallel or

perpendicular directions. If, for a given iR  and 
22 i

R δ− , the system gives 1=ek  in the parallel

direction, it will not yield the same results for the perpendicular direction unless 1−= ii kR

( )21,=i . Furthermore, in some cases, the value of iR  in the parallel direction is so large that



48

even when 0
22 =− i

R δ , the enhancing effect is not enough to increase the effective

conductivity to the point at which the effect of the inclusions can be neglected. Inversely, in

some cases, even when 
22 i

R δ−  tends to infinity in the perpendicular direction, this does not

reduce the conductivity of the system to that of the matrix.
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Figure 2.8 Contours of the effective conductivity for the imperfect interface case. 401 .=f ,
202 .=f , 1011 =k  and 1012 =k .

While the effect of both types of inclusion can be exactly neglected when 1−= ii kR (i=1,2),

in general, the effect of cylinders of type i cannot be neglected when only 1−= ii kR . In other

words, systems with 1=ik , 0=iR  and ik , 1−= ii kR  are not equivalent if

1
22 22 −≠ −− ii

kR δδ .  Nevertheless, in this condition we find that 01 =iγ  and 01 =iB  but the

terms i
nB 12 −  ( )1>n  are not zero and are present in the procedure of the calculation of 22

1
iB δ− ,

as is evident from Eq. (2.53). For a perfect contact case, all the terms i
nB 12 −  ( )1>n  are zero

and do not affect the value of 22
1

iB δ− . The amount of discrepancy can only be numerically

determined and depends on geometric considerations, resistance and the conductivity of the

inclusions. A wide range of cases was tested in which 
22 i

R δ−  increased from 0 to ∞ ,
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conductivities from 1 to 10000 and volume fractions from 0 to 0.45. The two-phase system

can be simulated causing the conductivity of one of the phases to approach a unity. Figure 2.9

shows a sample of the calculations.
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Figure 2.9 The effective conductivity of the two- and three-phase systems. For the three-
phase system, 1011 =k , 1012 =k , 101 =R and 100122 =−= kR . The two-phase system
consists of a matrix and cylinders of type one with the same properties as those given in the
three-phase case.

As can been seen, the results underestimate the conductivity of the two-phase system;

however, for low volume fractions, the phase for which 1−= ii kR  can be easily replaced by

the material of the matrix. This is also evident from relation (2.67), as it can be seen that when

01 =iγ , ( )2

2

2
112 121 i

i
cfke

δ
δ γ −

− +−=  is obtained. When if  is increased, the error increases

since the terms of higher orders play an important role in the response of the system; however,

for all the cases studied, the relative error remains less than five percent in the parallel and

seven percent in the perpendicular direction. Based on the results for cases 3>b , smaller

errors might be expected since the maximum values of 1f  and 2f  decrease.

Since the conductivity of the system is a continuous function of the parameters under study,

for 1−< ii kR  a situation can be found in which a three-phase system gives exactly the same
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conductivity as a two-phase system. This is always possible, since inclusions with

conductivity greater than that of the matrix, boost the conductivity of the system. Figure 2.10

shows that a discrepancy from 11 1 kR −=  causes a certain amount of error if the cylinders of

the second type, for which 22 1 kR −= , are replaced with the material of the matrix; therefore

the value of 2R  has been reduced to obtain the conductivity of a two-phase system.
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Figure 2.10 Error encountered by replacing cylinders of type two, for which 122 −= kR ,
with the material of the matrix and the calculated value for the resistance of the cylinders, in
which the system gives exactly the conductivity of the two-phase system. 4501 .=f ,

4502 .=f , 10011 =k , 1012 =k .
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3. COMPOSITE MATERIALS WITH PERIODIC ARRAYS OF

ELLIPTICAL CYLINDERS

The studies pertaining to the determination of the effective transport properties of composites

made up of elliptical cylinders are fewer in number and more recent than those for composites

made up of circular cylinders. Zimmerman [1996] has studied the case of elliptical cylinders

in the dilute limit using both the Maxwell and differential method and derived an expression

for the effective conductivity of a material that has a very low volume fraction but a random

orientation of elliptical cylinders. The case of periodic arrays has been considered by Lu

[1994] who has applied the collocation scheme. The case of periodic arrangement has also

been differently investigated by Nicorovici and McPhedran [1996] using Rayleigh’s method

and in the context of dielectric permittivity. These authors had first formulated the lattice

sums in polar coordinates which showed to be problematic and, therefore, later revised the

formulation [Yardley et al., 1999] by calculating the lattice sums in elliptical cylinder

coordinates. In this section Rayleigh’s method is developed to cover multi-coated elliptical

cylinders (see also Moosavi and Sarkomaa [2003c]). It is tested whether the behaviour

observed in circular cylinders can also be applied here. Clearly, the formulations can be used

for any inspection related to the transport properties of composites with periodic arrays of

coated elliptical cylinders.

The structure of the composites under study in this section is the same as that explained for

the multiply coated circular cylinders in section 2.2. The only difference made here is to

replace the circular cylinders with elliptical cylinders shown in Fig. 3.1. As can be seen, the

distance between the two foci of the elliptical cylinders is equal to ρ2 .

The most suitable coordinates for the presentation are elliptic cylindrical coordinates, which

implies that

             θµρ cos cosh =x                                                     (3.1)

             θµρ sin sinh =y ,                                                    (3.2)
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Figure 3.1  The multicoated elliptical cylinder under study.

where θ  is measured from the x-axis. As is customary in the analysis, an external field of

magnitude extE along the x-axis is applied in the negative direction. The temperature

distribution [Nicorovici et al., 1996] inside the core, coating layers and matrix can be given in

the form
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In the above temperature functions, the terms ll AC ′′ ,  and lB′  cannot appear since the

temperature is symmetric around 0=θ . Also, the terms of even degree are excluded since the

temperature is anti-symmetric around 2πθ = ; thus, 12 −= nl ( )∞= ,,L1n . Therefore, we

have
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At the surface of the layers the following boundary conditions can be written:

                 1+= ii TT   and  µµ ∂∂=∂∂ ++ 11 iiii TkTk      iµµ =   ( )11 −= Ni ,,L                  (3.7)

In this manner, i
n

i
n

i
n CBA 121212  and , −−− can be related to each other. If Rayleigh’s method is

performed, as explained in the previous chapter (see also Nicorovici et al. [1996]), the

governing equations for the system can be given by the following equation:
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−−− , ,                                          (3.8)

where N
lξ  ( 12 −= nl ) can be derived by imposing the boundary conditions (3.7) as follows:
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lmS  are elliptic lattice sums [Yardley et al., 1999] defined as:
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m
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                                (3.10)

where jα and jη  are coordinates of the center of  the jth cylinder  measured from the origin.

mh  represents the Neumann symbol (1 for m = 0, 2 otherwise) and ( )ζβ lm  is:
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Here, 12 F  represents Gauss’s hypergeometric function and is given by
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Applying Green’s theorem will give the effective conductivity of the system as the following:

                 
ext

N

e bE
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k 12
1

π
−=                                                                 (3.13)

Let us test the correctness of the extension to a multiply coated case. Since as compared to the

non-coated case [Yardley et al., 1999], only i
lξ  has been changed, only this term is inspected

here. One such inspection is to see whether (3.9) can be reduced to the corresponding relation

of circular cylindrical inclusions in the limit, i.e. ∞→→ µρ  and 0 . Using

( ) 2cosh xx eex −+=  and ( ) 2sinh xx eex −−= , we get
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At the limit, we have iae i

i

=
∞→

→
2 lim

0

µ

µ
ρ

ρ  [Meixner and Schäfke, 1954]; therefore, the following

relation can be obtained:
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which is exactly the relation derived for the case of multiply coated circular cylinders. Also,

for the cases in which the coating layer i-1 is perfectly insulating or conducting, we derive

                                         
( ) ( )12

1
122 −

=
−ill

i
l

e µρ
ξ         ( )01 =−ik                                         (3.16)
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( ) ( )12

1
122 +

−=
−ill

i
l

e µρ
ξ       ( )∞=−1ik                                        (3.17)

As can be seen, there is no information on the layers below the layer i-1, which means that the

layer i-1 intersects the relation between the layer i and the layers below the layer i-1. Note that

at the limit, (3.16) and (3.17) are reduced to l
i

i
l a 2

11 −=ξ and l
i

i
l a 2

11 −−=ξ , respectively. The

above tests give the measures of the correctness of the extension in the x-direction. Similar to

the discussion outlined in chapter 2, an extension in the perpendicular direction can also be

readily performed.

Next, let us see whether the behaviour explained for multiply coated circular cylinders in the

case 01 =+ −ii εε  can also be applied here. This can be done again by inspecting i
lξ . By

comparing (3.14) and (3.15), it is found that the inverse of (3.15), 1−+ ii εε , is not explicit in

(3.14) and, thereby, considering that 1−−= ii εε  will not lead to any specific result. Therefore,

the above-mentioned behaviour for circular cylinders cannot be applied to an arbitrary coated

cylindrical system. Figure 3.1(a, b) shows that for this case, changing the dielectric constant

of the coating layer from 12 εε =  to 12 εε −=  alters the field through the matrix.

                                   (a)                                                                     (b)

Figure 3.1 The equipotential contours inside the unit cell of a system composed of singly
coated elliptical cylinders. A potential gradient of unit magnitude was applied externally
along the x -axis and the other external boundaries were insulated. (a) 12 εε =  (b) 12 εε −= .
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4. KELLER’S THEOREM

The Keller reciprocal relation [Keller, 1964] has shown its usefulness in many studies and is

worth being examined here. Keller showed that for a composite material consisting of a

matrix and cylinder-shaped inclusions arranged in a regular array, the following relation is

obtained:

                                                    ( ) ( ) 211221 kkkkkkkk ee =′× ,, ,                          (4.1)

where ek  and ek ′  represent the conductivity of the system in the symmetry axes x and y,

respectively. Keller further claimed that the above-mentioned relation will work for

composites made up of randomly arranged cylindrical inclusions. Mendelson [1974] later

showed that this is indeed valid, considering that x and y are now the principal axes of the

system. If the medium is statistically isotropic, relation (4.1) can be rewritten as

                                                      ( ) ( ) 211221 kkkkkkkk ee =× ,,               (4.2)

Furthermore, if the phases are statistically equivalent (interchangeable), we obtain

                                                     ( ) ( ) 211221 kkkkkkkk ee == ,,               (4.3)

The above relation is of interest since it is geometry-independent and gives in a very simple

form the exact effective conductivity of systems for which deriving the effective transport

properties requires a considerable mathematical effort (for example, the square checkerboard).

More recently, Lu [1999] has considered composites with regular arrays of multicoated

cylinders and derived the following:

                                                 ( ) ( ) 111 11 =′× NeNe kkkkkk ,,,, KK               (4.4)

For multiphase non-coated composites, Fel et al. [2000] have also obtained the same relation.

Here, extending Mendelson’s methodology, the elegant strategy behind the relations will be
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shown. The technique is simple and uses the fact that any two-dimensional divergence-free

field, when rotated locally at each point by 90°, produces a curl-free field and vice versa

[Milton, 1988]. Composites made up of coated cylindrical inclusions are considered here,

although with slight changes the discussion can be extended to multiphase composites made

up of non-coated inclusions.

Consider a composite material consisting of a matrix and a series of cylinder-shaped

inclusions that are placed in a random arrangement inside the matrix. The inclusions are

uniform and multicoated with the property of the dispersed layers and the matrix being equal

to 11 −Nkk ,,K  and Nk  (we can consider 1=Nk ), respectively. Suppose that the system is

statistically homogeneous, x and y are the principal axes and the potential functions,
j

N
j TT ,,K1 , are the solutions of the Laplace equation ( )02 =∇ T in the system. Here, j refers to

jth cylinder. Therefore, on the surface between the layers, we have ll ∂∂=∂∂ +
j

i
j

i TT 1

( )j
i

j
i TT 1+= , where l  is the distance measured along the interfaces and

nTknTk ii
j

ii ∂∂=∂∂ ++ 11 , where n is the normal outward direction to the interfaces. If a

series of functions ( )Nij
i ,,K1=ψ  is defined, in which ( ) j

ii
j

i
j

i Tk ∇=∇×−=×∇ ψψ kk , we

have xTky j
ii

j
i ∂∂=∂∂ψ  and yTkx j

ii
j

i ∂∂−=∂∂ψ ; therefore, j
iψ  satisfies the Laplace

equation in  the layers i of cylinder j. The first boundary condition for j
iT  will lead to finding

( ) ( ) nknk j
ii

j
ii ∂∂=∂∂ ++ 1111 ψψ  and the second one will give ll ∂∂=∂∂ j

i
j

i ψψ

( )j
i

j
i 1+= ψψ . As a result we have a function , ψ , which is the solution of the Laplace equation

in the same composite but with the properties of the phases equal to Nkk 11 1 ,,K . Based on

definition of the effective conductivity, we obtain
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Here, V  is the volume containing a sufficient number of inclusions. The analysis is started by

deriving ∫∇
V

Tdv  and ∫ ∇
V

Tdvk . Getting help from Green’s first identity [Spiegel, 1968] it is

found that

                            ∫∫ ∫∫∫∫ =+===∇
σσ σσσ     

dsTndsTndsTnTdTdTdv xyx
V

ijiss                      (4.6)

where σ  is the boundary surface of the volume V . Here ∫σ 
dsTn y  has been ignored because

of the selection of the principal axes. Furthermore, we have [Spiegel, 1968]:

                                                  ( ) ( )∫∫ ×=×∇
σ

ψψ kk sddv
V

                                                  (4.7)

Using this property, we obtain
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σσ σ
ψψψψ

    
dsndsndsndvTdvk yxy

VV
ijik                        (4.8)

Here again, the selection of the principal axes has implied that 0
 

=∫σ
ψ dsnx .

Now, ∫∇
V

dv
 

ψ  and ∫ ∇
V

dvk
 

ψ  are studied. Using Green’s first identity and applying

0
 

=∫σ
ψ dsnx , we obtain
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Since  ( )j
ii

j
i Tk ∇×−=∇ kψ  and 0

 
=∫σ

dsTn y , also the following can be obtained:
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VVV
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Here, the property given in (4.7) has been used. Substituting (4.6), (4.8), (4.9) and (4.10) in

(4.5), we can derive

                                                 ( ) ( ) 111 11 =′× NeNe kkkkkk ,,,, KK                                   (4.11)
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5. COMPOSITE MATERIALS WITH PERIODIC ARRAYS OF

SPHERES

The first composites studied by researchers to derive the effective transport properties were

composites with spherical inclusions, as is Maxwell’s case studies [1873] (see Moosavi et al.

[2002b] for a review). In this chapter, these composites are studied in cases where the

inclusions are placed in a periodic arrangement. The terminology used for the presentation is

the same as that given by Cheng and Torquat [1997] who considered cases in which the unit

cell of the system was a cube. In this chapter a more general state will be considered in which

the unit cell of the system is a rectangular prism. In specific cases, the discussion can be

reduced to those considered by the above authors. Also formulations for the case of

multiphase systems (coated and non-coated) will be developed below. It should be noted that

the case of composites with periodic spheres in a rectangular order was first investigated by

Rayleigh [1892].

5.1 The case of a two-phase composite with uniform and solid spheres

Let us consider a composite material with a unit cell in the shape of a rectangular prism in

which a sphere is placed at the centre and possibly at each corner or face of the unit cell. For

greater generality, the sides of the unit cell will be considered b, c and a unity in the x-, y- and

z-directions of the cartesian coordinates which has been placed at the centre of a sphere

situated at the centre of the unit cell. Also, the continuous medium is supposed to have a unit

conductivity. The radius of the spheres is denoted by a and the conductivity by k. Assuming

that b=c=1, the unit cell of the system would be a cube, and simple cubic, body-centred and

face-centred structures can be constructed.

As is clear, in general, the system is anisotropic; therefore, three different conductivities may

be expected for the system in the x-, y- and z-directions. Since deriving the conductivity of the

system in these directions is similar, the conductivity of the system is only derived in one

direction, namely the x-direction. To perform this, a uniform field of magnitude extE is applied

externally along the x-axis of the system in the negative direction. If a spherical coordinate
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( )φθ ,,r  is set at the origin, in which θ  is measured from the x -axis and φ  from the xy plane,

the temperature inside the sphere and the matrix in terms of spherical harmonics can be given

by

                                                ( )∑∑
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where nmnm AC , and nmB  are unknowns to be determined and ( )φθ ,lmY  is a spherical harmonics

of the order ( )ml ,  defined as:
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On the surface of the spheres, we can write down the following continuity relations can be

written:

                                             21 TT = ,     rTrTk ∂∂=∂∂ 21         ar = ,                        (5.4)

which lead  to
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The temperature around the origin, when the origin is not included, can be considered due to

terms originating at infinity and at the other lattice sites (see section 2.1); therefore we can

write
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where ( )hhhr φθ ,,  is the spherical coordinate of a point measured from the lattice point h.

Using Eq. (5.5) and considering that ( )φθθ ,10cos Yrx == , the above equation can be written

in the following form:
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As can be seen, the left-hand side and the first part of the right-hand side are given on the

basis of the coordinate situated at the origin, but the second part on the right-hand side has

been expressed on the basis of the coordinates placed at the centre of the other spheres. To

proceed,  all the terms have to presented on the basis of the coordinates situated at the origin.

For this purpose, the general form of a theorem on spherical harmonics can be used, well

known as the addition theorem [McKenzie et al, 1978; Greengard, 1988]. On the basis of this

theorem, we have
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where
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Here, ( )000 hhhr φθ ,,  expresses the centre of the hth sphere measured from the origin. By

substituting the above relation in (5.10), we can obtain
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If the lattice sums for an array of spherical inclusions are defined as
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Eq. (5.13) can be given as
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Since the above equation is valid for arbitrary values of θ,r  and φ  and spherical harmonics

are linearly independent, the terms of the left- and right-hand sides of the above equation can

be equated for a specific value of l and m, i.e.,
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Now, let us reconsider the structure under study and also the temperature functions given in

(5.1) and (5.2). An examination reveals that l (i) has to be an odd number because of the skew

symmetry of the temperature around 2πθ = . Also, m must be considered as an even number

because the temperature is symmetric around 2πφ = . Furthermore, in the case c=1, m ( j)

should be considered a multiple of 4; therefore, ( ) 11 −=− i  and 1=j
mJ . After performing the

necessary changes to bring the summation from negative j to positive values, Eq. (5.10) can

be rewritten as follows:
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                         (5.17)

Here jh  is the Neumann symbol (1 for j=0, 2 otherwise). This symbol was added because for

0=j , the results of the summation is twice the one derived from Eq. (5.16). Since

( ) ( )φθφθ ,,,
∗

− = lmml YY , where the asterisk stands for a complex conjugation, the sign of m in

lmS  is limited to positive values.

As explained in chapter 2, considering a sufficient number of unknowns will lead to the

required result. Based on reports given by McPhedran and Mckenzie [1978] and McKenzie et

al. [1978] with 50 zonal unknowns together with azimuthal terms, the results are reasonable

for volume fractions up to 0.523 (SC), 0.677 (BCC) and 0.733 (FCC) for any values of the

conductivity of the inclusions.

5.1.1 Determining the effective conductivity of the system

In the same terminology used for the solid cylinder, for the average heat flux and temperature

gradient we can write

                                                      TM P ∇−= SF                                                     (5.18)

where M is the number of spheres in the unit cell and
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where 1V  is the volume of the sphere. Taking into consideration the temperature profiles

given in Eqs. (5.1) and (5.2) and using orthogonality properties of spherical harmonics, we

obtain
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         (5.21)

Here, 1σ  represents the surface of the sphere. By substituting (5.21) in (5.18) and considering

that iextET =∇  and bcVcell = , the final result for the effective conductivity can be given as
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5.1.2 Explicit forms for the effective conductivity

Applying the truncation order 4 allows the solution of Eq. (5.17) to be expressed as follows:
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where
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The numerical constants, for the case in which the unit cell is a cube, are given in [Sangani

and Acrivos, 1983] and are shown below in Table 5.1.
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Table 5.1 The numerical constants in the explicit expression (5.24).

SC BCC FCC

1c 1.3047 110291 −×. 2105297 −×.

2c 1100544 −×. 1106427 −×. 1104107 −×− .

3c 2102317 −×. 1105692 −×. 2101954 −×.

4c 2.305 110−× 1101294 −×− . 1109666 −×.

5c 1105261 −×. 210131 −×. 210312 −×.

6c 210051 −×. 310625 −×. 710149 −×.

5.2 The case of a periodic array of coated spheres

The present author has recently reported a study performed on composites with cubic arrays

of multi-coated spheres [Moosavi et al., 2002b]. For these composites, the changes required to

develop the above procedures for two-phase systems in the case of multi-coated systems will

be discussed below. The conductivity and radii of the core and coating layers are denoted by

11 −Nkk ,,K  and 11 −Na,,a L , respectively. The temperature functions inside the layers can be

given by
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At the surface of the core and coating layers, the boundary conditions

                      1+= ii TT ,     rTkrTk iiii ∂∂=∂∂ ++ 11    iar =  ( )11 −= Ni ,,K          (5.27)

are applied, whence we can be related the coefficients, i.e.,
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where
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An equation of type (5.9) can be written for this system, i.e.,
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After performing the other required steps, the final equation is
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By applying the same method used for the case of solid spheres, the effective conductivity of

the system again can again be given by

                                                               
ext

N

e bcE
MB

k 14
1−=                                                     (5.32)

5.2.1 Comparison between the behaviour of coated spheres and circular cylinders

In this chapter the focus is shifted back to the general state, assuming that the transport

property can be negative or positive. If one layer ( 12 −≤≤ Ni ) is perfectly conducting

( ∞=iε ) or non-conducting ( 0=iε ), the layers under this layer will not contribute to the

effective property of the system. These results can also be easily seen in Eq. (5.29), where the

multipolar polarisability for the cases in question would be –1 and 1, respectively.

Furthermore, two spheres with the same property can be unified and considered as being a

unit layer, which is obvious and can be confirmed from Eq. (5.29).
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In the section on cylindrical inclusions, the strange behaviour of coated cylinders when

01 =+ −ii εε  was studied. Here, the aim is to find out whether the same behaviour can be

observed for the case of multicoated spheres. Nicorovici et al. [1995] found that the case of

singly coated spheres did not exhibit the same behaviour as that of coated cylinders. The

reason is clear when it is kept in mind that all the behaviour was based on the mathematical

expression for multipolar polarisability. Here, 1
12 −nγ  is a function of n and because of this, the

results are not the same. A careful examination of this case, however, shows that by the first

order, the cases 12 50 εε .−=  and 12 εε =  yield the same effective transport property; however,

the inspection of (5.29) shows that even this result cannot be extended to the case of

multicoated spheres. This makes sense physically, since the successive application of

150 −−= ii εε .  to infinitely coated layers causes the property of the outermost coating layer to

approach zero, and this case exhibits the behaviour of non-conducting spheres of radius Na

( )∞→N and not of spheres that have a property equal to 1ε  with a radius of Na .

5.3  Three-phase non-coated spheres

In accordance with the three-phase case explained for circular cylinders, here a composite is

considered in which the unit cell of the system is a rectangular prism with a sphere of type

one at the center and a sphere of type two at each corner. The formulations can be readily

developed for other structures. It should be noted that when b=c=1, the structure is CsCl that

has been studied by McPhedran [1983]. For this case, the temperature of the phases and the

matrix can be expressed as
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where i can be either 1 or 2 showing the sphere type. As can be seen, the non-symmetry of the

temperature around 2πθ =  has been taken into account. Because of the symmetry of the
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temperature around, also m will be considered to be an even number in general and for the

case c=1, a multiple of 4. The boundary conditions are of the following shape:

                                             ii TT ,3= ,  
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r
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k ii
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∂
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∂ ,3       on  iar =                                   (5.35)

Therefore, for the coefficient of the temperature functions, we obtain
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where
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By separating the effect of the inclusions of type one and two, we get
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By following the same methodology as given for solid spheres we obtain the following linear

system is obtained:
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where i
nmS  are the lattice sums over the spheres of type i. For a three-phase case, the volume

averaged flux and temperature are related to each other by

                                                   TPP ∇−+=
21

SSF                                             (5.42)
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After performing the integrals in the same manner as that explained for uniform spheres, we

obtain
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For the case of circular cylindrical inclusions, it was shown that the composite can be

perfectly conducting in one direction and non-conducting in the other. However, for the case

of spherical inclusions, this behavior does not hold true and these composites cannot be non-

conducting since heat can pass through the gaps between the spheres. Furthermore, the Keller

theorem is not valid here, and thus, for the case of mono-sized spherical inclusions, when

21 1 kk = , the effective conductivity of the system is not equal to that of the matrix.

5.3.1 The case of an imperfect interface

The boundary conditions, including the effect of interfacial resistance, are of the following

shape:

                                     ( )
r

T

r
T

kTT
aR

k ii
iii

ii

i

∂
∂

−=
∂
∂

−=− ,
,

3
3    on iar =                         (5.45)
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where
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For this case, the relation between the volume averaged flux and temperature would be
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from which we obtain
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By substituting the resultants in Eq. (5.48), we obtain a relation that resembles relation (5.44).

As is clear from (5.48), the critical resistance in the case of composites with mono-sized

uniform spherical inclusions can be derived using the same formula as the cylindrical

inclusions, i.e, 1−= kR . Furthermore, because of the mathematical similarity between  (5.41)

and (2.54), similar results can be expected as in the case of three-phase composites made up

of cylindrical inclusions. Therefore, the effect of spherical inclusions of type i in any direction

of the calculation of the effective conductivity can be neglected by adjusting the interfacial

resistance in the range 1−≤ ii kR .
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6. LATTICE SUMS

The problem of calculating lattice sums arises when studying a variety of phenomena in

various branches of science including materials science. These sums have the following form

for fiber composites:

                                                        ∑
Λ∈

=
2

1

ω
ω nnS ,                                                            (6.1)

where { }0i   i  2121212 ≠+∈+=Λ lbl,Zl,llbl . In three-dimensions, we also have
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φθ ,
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where ( ) ( ) ( ){ }000  3213213 ,,l,l,l,Zll,cl,bl i ≠∈=Λ . Here, ( )jjjr φθ ,,  expresses the position of a

point in spherical coordinates. In the thesis the main interest is in calculating nmn SS  and  for

2≥n  and 0≥m . For this purpose, the direct summation method can be used, although the

results will converge very slowly. For this reason, many algorithms have been developed for

the rapid and highly accurate calculation of lattice sums [Greengard and Rokhlin, 1997;

Helsing, 1994; Movchan et al., 1997 and Huang, 1999] some of these algorithms will be

explained in this section.

6.1 Integral representation of the lattice sums

Huang [1999] has shown that the problem of calculating lattice sums can be reduced to the

one of calculating integrals. The mathematical basis for this method is the plane-wave

representation of each pole and analytically summing up the resulting geometric series. Here,

the method for a rectangular array of cylinders with periodicity equal to b and a unity in the x-

and y-directions, respectively, is explained. For an arbitrary point in the complex

plane ( )yxz i+= , depending on the region in which the point is situated, we can write
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where ∞= ,,K1n . The reason for the case n=1 is clear, as a simple analytical integration of

the right-hand side yields the left-hand expression. For the other values of n, it is possible to

differentiate both sides of the case n=1 with respect to z, n times, in order to obtain the above

relations. To calculate the lattice sums given in Eq. (6.1), the lattice is divided into four

regions, as depicted in Fig. (6.1).

Figure 6.1 The methodology used for calculating the lattice sums

As can be seen for regions 1 to 4, we have x>0, y>0, x<0 and y<0, respectively; therefore, the

lattice sums in the regions can be derived in the following manner:
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The expressions inside the integrals can be analytically summed up. In fact, we have

[Dienstfrey and Huang, 2001]
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If the expressions given in (6.7)-(6.10) are summed up, the required lattice sums are obtained.

For odd values of n, expressions (6.7)-(6.10) cancel each other out and, as a result, the lattice

sums would be zero. For even numbers, the result is
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When calculating the above-mentioned integrals to a sufficient accuracy, the lattice sums can

be obtained to a desired accuracy. Note that Eq. (6.13) cannot be used for calculating 2S . In

fact, this case is conditionally convergent, and completely different values can be obtained for

this sum. Rayleigh calculated this sum arbitrarily in the direction of the applied field and his

method was questioned because of this.  Poulton et al. [1999] have summarized a vast

selection of literature pertaining to this subject. Recently, Dienstfrey and Huang [2001] have

performed an attempt to include the case 2S in the integral representation.
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Similar formulations can be developed for particulate composites. For example, Huang has

derived the following integral representation for a simple cubic arrangement of inclusions:
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where
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                        ( ) ( ) ( )[ ]{ αλαλαλλτ λ coscoscoscos2coscos12 23 +++= −ensew

                         ( ) ( ) ( ) ( )[ ]}αλαλαλαλλ sincos coscos2sin cos2cos cos12 +++− −e             (6.17)

        ( ) ( )[ ]{ } ( )[ ]{ }λλλλ ααλααλαλη 22 sincoscos21 sin-coscos21 −−−− ++−+−= eeee,     (6.18)

Note that for a simple cubic arrangement, non-zero cases happen when n is an even number

and m a multiple of 4. Also, as explained, the above relation cannot be used for the case n=2.

6.2 Calculating lattice sums over reciprocal arrays

Consider the same rectangular array as studied in section (6.1). To calculate the propagation

of electromagnetic waves through this medium, the following equation, which is well known

as the Helmholtz equation, needs to be solved:

                                                             ( ) ( ) 0 22 =+∇ rℜκ ,                                    (6.19)

where κ is the wave number, r the position vector and ℜ  can be an electric or magnetic field.
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Such an investigation can be successfully performed using the Rayleigh method as outlined

by many researchers [Poulton et al., 1999]. The final equation, similarly to the discussion in

chapter 2, is, again, a linear algebraic system; however, it contains sums of the form

( ) ( )∑=
j

n
jn

d
n

jerJS θκκ i2  over the cylinders, where 2
nJ  is the Bessel function of the second

kind and order n. Since these lattice sums are frequency–dependent, they are here called them

dynamic lattice sums. To obtain an absolutely convergent series and also accelerate the

convergence, Chin et al. [1994] have proposed a method to calculate these lattice sums in

terms of Bessel functions over the reciprocal array. The reciprocal array is a set of imaginary

points constructed for the lattice under study by

                                      ( ) ji ππθ 22 21 hbh,r hhh +==r      ( ) 2
21 Zhhh ∈= ,                        (6.20)

The methodology involves a considerable mathematical effort which relies on finding Green’s

function of Eq. (6.19) in the direct lattice and in the reciprocal array. Green’s function is the

solution of Eq. (6.19) when there is a Dirac function on the right–hand side. It can be shown

that Green’s function in the direct array involves dynamic lattice sums, and in the reciprocal

array it consists of a convergent summation in terms of Bessel functions. Furthermore,

Green’s function in the direct lattice and the reciprocal array are related to each other [Chin et

al., 1994; Nicorovici et al. 1995]; thus, relating these two functions, the dynamic lattice sums

can be obtained in an absolutely convergent series over a reciprocal array. The final result for

the rectangular array is as follows:
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where 0>q  is an arbitrary integer parameter. By increasing the value of q , the lattice sums

converge more rapidly, but excessively large values of q may lead to instability in the

numerical algorithm. At the long-wavelength limit ( )0→κ , Eq. (6.19) will be reduced to the

Laplace equation. In this limit, the lattice sums would be static, i.e. those that are the interest

of this thesis. A simplification of (6.21) for this limit [Movchan, 1997] gives
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where 0θ  is the direction of the incident field. All the required lattice sums for the rectangular

array can be calculated in this way.

Equally well, the same methodology can be developed for particulate composites. The

reciprocal array for a lattice with periodicity equal to b, c and a unity in the x-, y- and z-

directions takes the following form:

                ( ) kji πππφθ 222 321 hchbh,,r hhhh ++==r ,   ( ) 3
321 Zhhhh ∈= ,,                  (6.23)

Nicorovici et al. [1995] have shown that the static lattice sums for this system can be derived

from the following formula:
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         (6.24)

where the asterisk stands for a complex conjugation and 0θ  and 0φ  are the directions of the

applied field.

6.3 Results

Table (6.1) shows a sample of the results of the present study for the three-phase fiber

composites, which has been obtained using the above methodologies. Although the integral

representation requires more computer programming, it is faster than the second method;

therefore, all the cases except  n =1 have been calculated using this method. For cylinders of

type two, applying the integral representation technique yields the following:
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where 2i2 += bυ . For calculating integrals (6.13) and (6.25), well-established methods

such as Gauss-Laguerre integration, can be used for this purpose [Press et al., 1986].

Table 6.1 The calculated lattice sums for the case of a three-phase composite of a periodic
array of cylinders when 3=b .

N 1
nS 2

nS 21
nn SS +

2   0.3392133718630  3.2883853566054  3.6275987284684
4   2.1744038488973 -2.1744038488973 0.0
6 -2.0154171446150 -3.8476145488104 -5.8630316934253
8   2.0262994706141 -2.0262994706141 0.0
10 -1.9919685438111  1.9919685438111 0.0
12   2.0041914554050  4.0054485162926  6.0096399716977
14 -1.9990818777902  1.9990818777902 0.0
16  2.0003051627592 -2.0003051627592 0.0
18 -1.9999213768630 -3.9997969795075 -5.9997183563705
20  2.0000338688335 -2.0000338688335 0.0
22 -1.9999887079801  1.9999887079801 0.0
24  2.0000041209456  4.0000075266341  6.0000116475798
26 -1.9999987455894  1.9999987455894 0.0
28  2.0000004181529 -2.0000004181529 0.0
30 -1.9999998662038 -3.9999997212317 -5.9999995874356
32  2.0000000464611 -2.0000000464611 0.0
34 -1.9999999845130  1.9999999845130 0.0
36  2.0000000052497  4.0000000103247  6.0000000155744
38 -1.9999999982792  1.9999999982792 0.0
40  2.0000000005736 -2.0000000005736 0.0

In this thesis, these integrals have been calculated using the Mathematica 3 software

application, which offers the possibility to check the accuracy of the results. For the case 1
2S ,

Eq. (6.22) has been used. q was selected to be 12, and the computation was performed over a

200×200 reciprocal array. Calculating 1
2S , 2

2S  can be found simply by using

1
2

2
2 32 SS −= π . Note that for 1>>n , the direct summation method can quickly yield

accurate results.
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7. RESISTOR MODELS FOR DERIVING THE BOUNDS FOR THE

EFFECTIVE CONDUCTIVITY

From one perspective, two main approaches for calculating the effective transport properties

of composite materials can be identified. According to the first strategy, the efforts are

concentrated on directly solving the governing equations of the system [Rayleigh, 1892;

Cheng and Torquato, 1997; Lu, 1994]. The second method differs from the first one in that

there the aim is to develop bounds (upper-lower) for the effective transport properties of the

system [Hashin and Shtrikman, 1962; Torquato et al., 1986; Helsing, 1993]. In general, fewer

details of the system are required for the second method; however, using more specifications,

tighter bounds may be derived. The best-known bounds are those proposed by Hashin and

Shtrikman. Hashin and Shtrikman have shown that the bounds they obtained can be realised

for some particular microstructures. The upper bounds can be attained using an assemblage of

coated spheres in which the core is filled with a material of higher conductivity; the upper

bound is attained using the same structure that changes the material of the core and shell.

Since these structures introduce more disconnected-connected microstructures of the phases,

Hashin-Shtrikman bounds can be considered to be optimal .

In this section, two simple resistor models are used (see Moosavi et al. [2002b]) for obtaining

the bounds on the effective conductivity of systems consisting of simple cubic arrays of multi-

coated spheres (or square arrays of cylinders). Figures 7.1 and 7.2 outline the methods for

finding two bounds for the effective conductivity of a system. For the lower bound, the

methodology given in Fig. 7.1 is used. In this method, the unit cell is divided into infinite

layers in the direction of the heat flow. The effective conductivity can be derived as

                                                  [ ] 2
1

1

1

2
1

2 1 −

−

=

−
+ −+−= ∑ N

N

i

iiie aAaak ππ ,                                   (7.1)

where

                              

( ) ( )
∫

∑
−

=

+
− +−−

−
=

2  

  
1

1
2

2
1

2

2

111sin12

sin2π

θ
θ

θθ

i

N

ij

jjjij
ii

i
i

kkaaa

d
aa

a
A             (7.2)



80

θ
θi

x

y

1/
2

parallel region i

i N

Figure 7.1 Quarter unit cell considered in the derivation of the effective conductivity by using

the first resistor model

For deriving the upper bound, the strategy outlined in Fig. 7.2 is used. In this method, the unit

cell is divided into infinite slices normal to the direction of the heat flow. The effective

conductivity of the system can be given by

θθ
i

y

serial region i

i

N

x

Figure 7.2 Quarter unit cell under inspection in the second resistor model
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Following the same strategy as discussed above for spheres, it can be shown for the case of a

square array of cylinders that
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and for the lower bound
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Figure 7.3 shows a typical comparison between the results of the bounds and exact results.

The total volume fraction (F) was selected to be 0.2 ( )10and10 21 .f.f ==   . It is perhaps

interesting that in some cases the second resistor model yields better results. This is contrary

to the natural thinking that since the case is coated and heat goes from one layer to another,

considering the resistor in the series should yield better results. Also, it can been seen that the

upper bound does not conform to the behaviour of the exact solution when the coating layer is

perfectly conducting. The same can be observed when the coating layer is perfectly insulating.
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Figure 7.3 Logarithmic plot of the effective conductivity for the simple cubic array of coating
spheres as a function of conductivity of the core and shell. Despite of the accuracy, the first
resistor model is unable to show the same behaviour as the exact solution when the shell is
perfectly conducting. The same condition applies for the second resistor model when the shell
is perfectly insulating.
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8. Conclusion

This thesis studied the effective transport properties of multiphase composite materials made

up of periodic arrays of circular cylinders, elliptical cylinders and spheres using a

methodology indebted to Rayleigh [1892]. For each section, a series of explicit relations for

easy calculating of the effective property were reported.

Composites containing inclusions in the shape of coated circular cylinders were considered,

the behaviour of singly coated systems, when the sum of the transport property of the layers is

zero, was extended to multicoated ones, and a generalisation of this phenomenon was

provided. This thesis showed that the procedure for neglecting phases can occur in different

methods and that these procedures can affect several layers and also explained the details of

these procedures. Furthermore, a formulation for deriving the effective property of composites

with a periodic array of confocally multicoated elliptical cylinders was presented and it was

shown that, in general, the behaviour observed in composites made up of circular cylindrical

inclusions does not hold for these coated composites. However, further study is required to

determine whether the coating layers of other shapes (uniform coating, for example) can

demonstrate this behaviour. This thesis also explained that contrary to the case of coated

circular cylinders, the generalisation behaviour for composites containing singly coated

spheres cannot be developed for composites with multicoated spheres. Whenever necessary,

the results were verified using classical numerical techniques.

For the case of three-phase composites with inclusions in the shape of circular cylinders, this

thesis showed that these materials can exhibit interesting behaviour. By having mono-sized

inclusions in a position of contact when the unit cell is a rectangular cylinder and one phase is

perfectly conducting and the other insulating, a composite material can be obtained that is

super-conducting in one direction and non-conducting in another. If the rectangular array is

changed to a square one in the mentioned case, surprisingly, the effect of all the dispersed

phases can be neglected.

The effect of interfacial resistance on effective conductivity was studied by characterising

interfacial resistance using a non-dimensional parameter. It was shown that this effect is very
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important, and on the basis of the value of interfacial resistance, even the effective

conductivity of the system can fall outside the range of the property of the phases. The

number of situations in which the effect of both phases can be neglected is infinite; however,

these situations are usually valid for one direction only. There is only one state that is

common and if it occurs, the effect of the inclusions can be neglected despite the direction in

which the effective property is calculated. This situation occurs when both phases have an

interfacial resistance equal to their conductivity minus one. It was further demonstrated that

there is an interfacial resistance, which can be estimated by 1−≤ ii kR , in which the effect of

the inclusions of type i for one direction can be neglected. These results can be applied for the

cases of inclusions in the shape of circular cylinders or spheres.

Two resistor models were used for deriving the bounds. The results of the bounds were

compared for coated composites, and it was shown that having the resistor in a series does not

guarantee that better results will be obtained in all cases. By combining these bounds in a

specific manner, better results may be obtained than by using one of them alone. For instance,

when an inclusion has a property close to that of the matrix, it is advisable to use a simple

average value.

Although the formulation and results of this thesis on multi-phase composite materials have

been verified in some cases by relevant theorems and numerical results, comparing them with

experimental results can be a crucial task. Unfortunately, the experimental results found in

subjects relevant to the study belong mostly to two-phase systems and, in some cases, to

three-phase ones. These results have been used by many authors to validate the theoretical

formulations and results [Meredith and Tobias, 1960; McPhedran and McKenzie, 1978;

Perrins et al., 1979; Nicorovici et al., 1995; Yardley et al.,1999]. Since the formulations and

results given in this thesis are in complete agreement with those of the mentioned authors,

they have, therefore, already been compared to the experimental results in two- and three-

phase systems. However, for the new formulations and results obtained on multi-phase

systems in this thesis, the validation of the results with experimental results can be helpful and

is suggested as a topic for further study in this field.
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ABSTRACT Two premeditated resistor models have been de-
veloped and tested for the prediction of the effective thermal
conductivity of a periodic array of multi-coated spheres embed-
ded in a homogeneous matrix of unit conductivity. The results
have been compared and evaluated with the exact solution, as
obtained by extending a method originally devised by Zuzovski
and Brenner. The results for the two models were found to yield
bounds for the exact solution. For some situations, the model
results match well with the exact solution, but in other cases
the results for one of the models could deviate from the exact
solution.

PACS 41.20.Cv; 44.10.+i; 72.80.Tm

1 Introduction

Many studies have been conducted on calculating
the effective thermal conductivity of a composite medium
consisting of a periodic array of spheres embedded in an
isotropic matrix. The basic work for the solid spheres has
been outlined by Maxwell [1], who inspected the effective
conductivity of a dilute spherical dispersion. Rayleigh [2] de-
scribed the polarization of each sphere in an external field
by an infinite set of multipole moments and gave a relation
of low order for a simple array of spheres. His solution was
corrected later by Runge [3] and improved by Meredith and
Tobias [4]. Maxwell’s theory was extended by Jeffrey [5] to
higher particle concentrations. McPhedran et al. [6] modified
Rayleigh’s method to overcome a non-absolutely convergent
series involved in the solution. Zuzovski and Brenner [7] pre-
sented another method that avoids the problems encountered
in Rayleigh’s original method. Sangani and Acrivos [8] modi-
fied the Zuzovski–Brenner method to circumvent the tedious
algebra encountered in the calculations.

Runge [4] developed Rayleigh’s method to coated elem-
ents where the geometry was composed of an array of tubes
having the same core material as the matrix. Lurie and
Cherkaev [9] showed that the bounds on the effective conduc-
tivity derived by Hashin and Shtrikman [10] for three-phase

✉ Fax: +358-5/6212799; E-mail: Ali.Moosavi@lut.fi

composites are realizable for coated sphere assemblages. Yu
et al. [11] derived a relation for the effective properties of
coated spheres in the dilute limit. Nicorovici et al. [12] ex-
tended Rayleigh’s method for a simple cubic array of coated
spheres and inspected the behaviour of the solution as a func-
tion of the properties of the core and shell of the sphere. Lu
and Song [13] and Lu [14] developed a boundary colloca-
tion scheme to compute the effective conductivity of a simple
array of multi-coated spheres and derived a relation for the
effective conductivity of the random array of coated and
multi-coated spheres which is correct to O(F2) where F is the
total volume fraction.

In this report, we extend the Zuzovski–Brenner method
to multi-coated spheres. We also present a scheme for deriv-
ing the effective conductivity of the system using two resistor
models and compare the results with the exact solution. It
should be noted that the formulation and the results for the
thermal conductivity could be applied exactly to the seven
other associated transport properties listed by Batchelor [15].
(These properties include electrical conductivity, dielectric
permittivity, magnetic permeability, mobility, permeability of
a porous medium, modulus of torsion in a cylindrical geom-
etry and effective mass in bubbly flow.)

This paper is organized as follows. The next section de-
scribes the geometry under study. Section 3 reports the details
of one approach [7] for calculating the effective conductivity
of a cubic array of multi-coated spheres embedded in a homo-
geneous matrix of unit conductivity, and presents the exact so-
lution for this system. Section 4 develops two resistor models
for deriving the conductivity of the system. In Sect. 5, the re-
sults of the two resistor models are compared and evaluated
with the exact solution. Finally, Sect. 6 summarizes the key
findings of the study.

2 Geometric description

Consider a homogenous matrix with unit conduc-
tivity surrounding an array of composite spheres with a top-
ology based upon the well-known cubic lattices, i.e. the sim-
ple cubic (SC) lattice, the body-centered cubic (BCC) lattice
and the face-centered cubic (FCC) lattice. Each lattice point of
a cubic array can be described by a lattice vector rn defined as:

rn = h (n1a1 +n2a2 +n3a3) (1)
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a1 a2 a3

SC ex ey ez

BCC 1/2(ex + ey − ez) 1/2(−ex + ey + ez) 1/2(ex − ey + ez)

FCC 1/2(ex +ey) 1/2(ey+ez) 1/2(ex +ez)

TABLE 1 The basic vectors a1, a2 and a3 for three cubic lattices. The
vectors ex , ey and ez form an orthonormal basis in space

where h is the characteristic length to express all the distances
in dimensionless form and n1, n2 and n3 are arbitrary integers.
The three basic vectors a1, a2 and a3 belonging to a SC, BCC
and FCC lattice are given in Table 1.

The radius of the core is determined by a1 and the other
coating layers of the multi-coated sphere are a2, . . . , aN−1 re-
spectively, as shown in Fig. 1. The conductivity ratio between
the phase i −1 and i is assigned as ki−1,i . With this consider-
ation, the volume fraction occupied by the core and coating
layers can take the following values:

fi = 4

3τ0
π

(
a3

i −a3
i−1

)
(i = 1, . . . , N −1) (2)

F =
N−1∑
i=1

fi (3)

where τ0 = a1 · [a2 ×a3] refers to the non-dimensional vol-
ume of the unit cell, and has values of 1, 1/2 and 1/4 for SC,
BCC and FCC lattices respectively. Note that a0 = 0 is used
here and in the subsequent relations in order to reduce the
number of mathematical notations. If ϕ is an azimuthal angle
measured from the plane of x1x2 and θ is a polar angle meas-
ured from the x1-axis, then the following relations apply:

x1 = r cos θ, x2 = r sin θ cos ϕ, x3 = r sin θ sin ϕ (4)

3 The exact solution

The symmetry of the geometry makes the solution
of the problem independent of the applied external gradient
temperature, which is assumed to occur along the x1-axis.
Since the arrays are periodic, we just study a unit cell of the
systems. For the unit cell located at the origin, considering
the general solution of the Laplace equation in spherical co-
ordinates (r, θ, ϕ) and following Rayleigh [2], the temperature
inside the layers may be given by:

T 1 =
∞∑

n=1

m< 1
2 n∑

m=0

E1
nmr2n−1 P4m

2n−1 (cos θ) cos mϕ (5)

T i =
∞∑

n=1

m< 1
2 n∑

m=0

[Ei
nmr2n−1 + Fi

nmr−2n]P4m
2n−1 (cos θ) cos mϕ

(i = 2, . . . , N) (6)

where PM
L (cos θ) represents the associated Legendre poly-

nomial of degree L and order M. Zuzovski and Brenner [7]

FIGURE 1 The multi-coated sphere under study

proposed another suitable expression for the temperature in-
side the continuous phase:

T N = x1 +GH (7)

where G is the differential operator, whose preferred form for
a cubic array of spheres later was derived by Sangani and
Acrivos [8] as:

G =
∞∑

M=0

m≤ 1
2 M∑

m=0

24m−1

(2n +1)! Anm
∂2n+1

∂x2n+1
1

×
{(

∂

∂ξ

)4m

+
(

∂

∂η

)4m
}

(M = n +2m) (8)

where

ξ = x2 + ix3, η = x2 − ix3 (9)

and

H = 1

r
−σ + 2π

3
r2

+
∞∑

n=2

m≤ 1
2 n∑

m=0

εm (2n −4m)!
(2n +4m)! Snmr2n P4m

2n (cos θ) cos mϕ

(10)

where εm represents the Neumann symbol (1 for m = 0 and 2
otherwise). The calculated values of constant array σ for the
three cubic arrays [16] are 2.837297, 3.639233 and 4.584862
for SC, BCC and FCC respectively. The lattice sums have the
following form:

Slm =
∞∑

n=1

|rn | −(2l+1) P4m
2l (cos θn) cos mϕn (11)



MOOSAVI et al. The effective conductivity of composite materials with cubic arrays of multi-coated spheres

where their values may be calculated by direct summation or
in some region of l and m by approximate correlation [6, 17].
Note that θn and ϕn are polar and azimuthal angles measured
from the lattice point n.

The unknown coefficients A in (8) can be determined by
implementing boundary conditions at the surface of the core
and coating layers:

T i−1 = T i, ki−1,i∂T i−1/∂n = ∂T i/∂n r = ai−1 . (12)

Using these conditions, the following result is obtained:

Fi
nm + Li

na4n−1
i−1 Ei

nm = 0 i ≥ 2 (13)

where

Li
n =

(2n −1)
(
ki−1,i −1

)+ [
2n

(
ki−1,i +1

)−1
]

Li−1
n (ai−2/ai−1)

4n−1[
(2n −1)

(
ki−1,i +1

)+1
]+2n

(
ki−1,i −1

)
Li−1

n (ai−2/ai−1)
4n−1

.

(14)

Calculating T N by using the above expressions for H and G
and comparing the resulting relation with (5), two linear equa-
tions can be found relating E N

nm and FN
nm to Anm . These two

equations combined with (13) yield a set of linear equations in
the unknowns Anm :

Anm = L N
M+1

a4M+3
N−1

(2M +4m +1)!

×
∞∑

J=0

j≤ 1
2 J∑

j=0

[
λ1εq1 (2p −4q1)!

(2J −4 j +1)
Spq1 +λ2εq2 (2p −4q2)!

(2J −4 j +1)
Spq2

]

× AJ−2 j, j + δM0L N
1 a3

N−1

(
1 + 4π

3τ0
A00

)
(15)

where

p = M + J +1, q1 = m + j, q2 = |m − j| (16)

λ1 = λ2 = 0.25 if j = 0, m = 0
λ1 = 0.5, λ2 = 1 if m = j = 0
λ1 = λ2 = 0.5 otherwise


 . (17)

The effective thermal conductivity can be calculated using
the following formula:

keff = 1 +4πA00/τ0 (18)

3.1 The explicit expression

As outlined by Manteufel and Todreas [18] differ-
ent methods can be used to derive an explicit expression. By
using linear truncation, Nicorovici et al. [12] have developed
a relation of low order for the simple cubic lattice of coated
spheres. For the truncation order L = 4, the solution of (15) is
given as follows:

keff = 1 − 3F

D
(19)

where

D = −1/L N
1 + F + c1L N

2 F10/3 1 + c4L N
3 F11/3

1 − c2L N
2 F7/3

+ c3L N
3 F14/3

+ c5L N
4 F6 + c6L N

5 F22/3 + O
(
F25/3) . (20)

The numerical constants are given in [8] and have been repre-
sented here in Table 2. These constants were verified as part
of the current work. In (19), if the terms containing c4 − c6
are neglected, the formula of truncation order L = 3 can be
obtained. By taking c2 to c6 equal to zero, the expression of
the second-order approximation (L = 2), analogous to that of
Lord Rayleigh [2] for the simple cubic lattice of solid spheres,
will be obtained:

keff = 1 − 3F

−1/L N
1 + F + c1L N

2 F10/3
. (21)

To test the correctness of (19) for multi-coated spheres,
the effective thermal conductivity of coated and doubly coated
spheres in the dilute limit was derived. Examination of (19)
shows that it can be reduced to the following relation when
F → 0.

keff = 1 +3FL N
1 + O

(
F2) . (22)

Extending (22) for coated spheres gives the following result:

keff = 1 +3FL3
1 = 1 +3F

× (k2 −1)+ (1 +2k2)

(k2 +2)+2 (k2 −1)

[(k1 − k2) / (k1 +2k2)] (a1/a2)
3

[(k1 − k2) / (k1 +2k2)] (a1/a2)
3 .

(23)

Likewise, the expression for doubly coated spheres is as fol-
lows:

keff = 1 +3FL4
1 = 1 +3F

P + Q

R+ S
(24)

where

P = (k3 −1) {(k2 +2k3)+2 (k2 − k3) [(k1 − k2)

/ (k1 +2k2)] (a1/a2)
3}

Q = (1 +2k3)
{
(k2 − k3) (a2/a3)

3 + (k3 +2k2) [(k1 − k2)

/ (k1 +2k2)] (a1/a3)
3}

R = (k3 +2) {(k2 +2k3)+2 (k2 − k3) [(k1 − k2)

/ (k1 +2k2)] (a1/a2)
3}

S = 2 (k3 −1)
{
(k2 − k3) (a2/a3)

3 + (k3 +2k2) [(k1 − k2)

/ (k1 +2k2)] (a1/a3)
3} . (25)

SC BCC FCC

c1 1.3047 1.29×10−1 7.529×10−2

c2 4.054×10−1 7.642×10−1 –7.410×10−1

c3 7.231×10−2 2.569×10−1 4.195×10−2

c4 2.305×10−1 –4.129×10−1 6.966×10−1

c5 1.526×10−1 1.13×10−2 2.31×10−2

c6 1.05×10−2 5.62×10−3 9.14×10−7

TABLE 2 Numerical constants in explicit expression
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FIGURE 2 Part of the resistor network. Original (a) and simplified arrangements (b, c)

Setting a3 = 1 in (25) will reduce (23) and (24) to the same
equations given by Yu et al. [11, 19] for the effective prop-
erties of coated and doubly coated spheres in the dilute
limit.

3.2 The effect of azimuthal terms for a simple cubic
array

The simple cubic array is of interest since it permits
spheres to come closer to touching for low-volume-fraction
systems as compared to any other arrangement. McPhedran et
al. [6] have inspected the effect of azimuthal terms for a sim-
ple array of solid spheres. Due to the very small differences
between the results, it was not clear whether considering azi-
muthal terms causes these differences or whether they are just
numerical artifacts. This problem was again studied by San-
gani and Acrivos [8], but due to the lack of convergence these
authors were not able to obtain reliable results. Table 3 com-
pares the calculated values of effective thermal conductivity
for the most sensitive case of perfectly conducting spheres
(meaning that the core and all coating layers are perfectly con-
ducting) with the resulting values without azimuthal terms
and with those obtained by McPhedran et al. [6]. For this cal-
culation, the effective conductivity without azimuthal terms
can be obtained by reducing (14) to the following expres-
sion:

An,0

a4n+3
N−1 L N

n+1

=
∞∑

J=1

(
2n +2J
2n +1

)
S2n+2J,0 AJ−1,0 + δn,0 . (26)

Mathematica 3.0 was used to solve the set of linear al-
gebraic equations obtained from (15) and (26). 50 zonal
unknowns and 50 azimuthal unknowns were considered in
solving (15) and (26). All elements of the right-hand-side
column vector have values of zero except for the first pos-
ition, which has a value of unity. Multiplying the matrix of
coefficients in the column vector of the results and compar-
ing with the right-hand-side vector tests the correctness of
the solution. The effective conductivity may be directly cal-
culated from (18). It is clear from the results that there is
a real (although small) effect associated with the azimuthal
terms.

4 Resistor modeling

The unit cell can be considered to consist of an
infinite series of resistors (Fig. 2a). Hsu et al. [20, 21] as-
sumed for two-phase composite materials that all the resis-
tors in the direction normal to the applied heat flow have
infinite resistance. Thus they suggested a simplified config-
uration as shown in Fig. 2b. Another simplified configura-
tion can be considered in which the resistors in the direc-
tion normal to the applied heat flow are perfectly conduct-
ing resistors, as shown in Fig. 2c. In the discussion that fol-
lows, the effective heat conductivity of the system will be
derived using both methods, and the accuracy of the results
and behaviour of the solutions will be compared with the
exact solution. Since similar results could be expected for
three cubic arrays, here only the simple cubic array is investi-
gated.

4.1 First resistor model

Suppose that the unit cell is divided to N paral-
lel regions, each composed of infinite infinitesimal parallel
elementary volumes in annular cylinder geometry. Due to
the symmetry of the problem and for the sake of simpli-
city, only a quarter of the unit cell needs to be considered,
as depicted in Fig. 3a,b. An expression for the thermal con-
ductivity of each element in these parallel regions (κ) can be

F keff k′
eff k′′

eff

0.30 2.3329 2.3326 2.333
0.40 3.2626 3.2612 3.262
0.50 5.8913 5.8875 5.891
0.510 6.7664 6.7623 –
0.520 8.8688 8.8644 –
0.523 11.671 11.666 –

TABLE 3 Effective thermal conductivity for a simple cubic array of per-
fectly conducting solid spheres. k′

eff corresponds to the solution without
considering azimuthal terms and k′′

eff are results of McPhedran et al. [6]
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derived:

1/2

κ
=

N−1∑
j=i

aj

√
1 − (

ai sin θ/aj
)2 −aj−1

√
1 − (

ai sin θ/aj−1
)2

kj

+ 1

2
−aN−1

√
1 − (ai sin θ/aN−1)

2

=
N−1∑
j=i

aj

√
1 − (

ai sin θ/aj
)2

(
1

kj
− 1

kj+1

)
+ 1

2

(i = 1, . . . , N −1) . (27)

Clearly, for the last region, the thermal conductivity is equal
to the unit value. The next step is to determine the relation
for the equivalent thermal conductivity of each region (Ki).
Using (27) and remembering that all elements are in parallel,
the following result is obtained:

Ki = 1

a2
i −a2

i−1

×
π/2∫
θi

a2
i sin 2θdθ∑N−1

j=i 2aj

√
1 − (

ai sin θ/aj
)2 (

1/kj −1/kj+1
)+1

(i = 1, . . . , N −1) (28)

where

θi = sin−1
(

ai−1

ai

)
. (29)

FIGURE 3 Quarter unit cell considered in the derivation of the effective conductivity by using first resistor model: a 3-d view; and b 2-d view

With the above procedures, the effective conductivity of the
unit cell can be derived to be:

keff =
N−1∑
i=1

π
[
a2

i −a2
i−1

]
Ki +1 −πa2

N−1 (30)

4.2 Second resistor model

As shown in Fig. 4a,b, in the second method the
unit cell is divided into infinite slices normal to the applied
field. As for the first method, an infinite number of cells in N
serial regions (i = 1, . . . , N) are considered. For each slice,
the equivalent conductivity may be specified as:

κ =
N∑

j=i

Kjsj/S (i = 1, . . . , N −1) (31)

where

sj = π
4

{
a2

j

[
1 − (

ai cos θ/aj
)2

]
−a2

j−1

[
1 − (

ai cos θ/aj−1
)2

]}
if j = i, . . . , N −1

sj = 1/4 −π
[
a2

j−1 − (ai cos θ)2
]

if j = N



(32)

and S = 1/4 is the non-dimensional cross-sectional area of the
slice. It is then straightforward to derive the equivalent ther-
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FIGURE 4 Quarter unit cell under inspection in second resistor model: a 3-d view; and b 2-d view

mal conductivity of each region as:

Ki = ai −ai−1∫ θi
0

ai sin θdθ

π
{

ki (ai sin θ)2+∑N−1
j=i+1 kj

(
a2

j −a2
j−1

)
−

[
a2

N−1−(ai cos θ)2
]}

+1

(i = 1, . . . , N −1) (33)

where

θi = cos−1

(
ai−1

ai

)
. (34)

Consequently, the effective conductivity of the system is
given as follows:

keff = 1∑N−1
i=1

2(ai −ai−1)
Ki

+1 −2aN−1

(35)

5 Results and discussion

Figure 5 compares the resulting effective thermal
conductivity values from the exact solution for the simple
array of coated spheres with those obtained from resistor
models. The total volume fraction (F ) was selected to be
0.2 ( f1 = 0.1 and f2 = 0.1) and the exact solution was ob-
tained using (19), which should yield reasonable results in this
limit [6]. All integrals in (28) and (33) were calculated using
the Gauss–Legendre integration technique [22]. The results
show that the first method always underestimates the exact
solution except when the conductivity of the core and shell
is equal to the matrix conductivity. This result is consistent
with the finding of Hsu et al. [21] in their comparison of re-
sults for the effective thermal conductivity of non-touching
solid circular cylinders. In reality, the infinite resistance as-
sumption of the resistors in the normal direction to the applied
field introduces a lower bound for the effective conductivity

of the system. The accuracy of the solution depends on the
conductivity and volume fraction of the phases and geometry
under consideration. In contrast to the first approach, the sec-
ond method overestimates the solution except in the situation
mentioned for the first resistor model. Thus, another bound is
introduced for the conductivity of the system.

Of particular interest are the situations where the core and
shell tend to their limiting conductivity values (0,+∞). The
errors for other cases cannot be much higher than the error for
the limiting cases, as is evident from Fig. 5. Thus, the follow-

FIGURE 5 Logarithmic plot of the effective conductivity for the simple
cubic array of coating spheres as a function of the conductivity of the core
and shell. Despite of the accuracy, the first resistor model is unable to show
the same behaviour as the exact solution when the shell is perfectly conduct-
ing. The same condition applies for the second resistor model when the shell
is perfectly insulating
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ing section discusses the ability of the models to predict these
limiting cases.

Relatively good results can be expected from the first
model for the case when both the core and shell have a large
conductivity value. Here the accuracy of the solution is tested
for a perfectly conducting core and coating layer. Since this
case is equal to an array of perfectly conducting solid spheres
of radius a1∗ = a2, it is easier to investigate the solution for the
alternative system. For this case the effective thermal conduc-
tivity can be derived as follows:

K1∗ =
π/2∫
0

sin (2θ)

1 −2a2 cos θ
= − 1

a2
− 1

2a2
2

ln (1 −2a2) dθ (36)

keff = −π

2
ln (1 −2a2)− (

πa2
2 +πa2 −1

)
. (37)

As was predicted by Batchelor and O’Brien [23], for nearly
touching perfectly conducting spheres, the effective thermal
conductivity satisfies the following relation:

keff = −C1 ln (1 −2a2)−C2 (a2 → 1/2) (38)

where C1 and C2 are two positive constants. The constant
C1 was derived by Batchelor and O’Brien [23] to be π/2,
and the second constant has been calculated by Sangani and
Acrivos [8] to be about 0.69. The first resistor model gives
the same value for C1 but the suggested value for C2 is equal
to 1.356, which is almost twice the value given by Sangani
and Acrivos [8]. For this situation, the second resistor model
provides the following simple expression:

keff = 1/2

1/2 −a2
. (39)

Figure 6 compares the results of the two-resistor model with
the data obtained by exact solution and the results of the lower
bound given by Hashin and Shtrikman [10].

Since dispersed phases have small conductivity values,
a second limiting case can be presented for such dispersed
systems. The results of this system have been calculated for
the condition where the core and shell are perfectly insulating
(an array of perfectly insulating solid sphere of radius placed
in a matrix of unit conductivity). It can be seen from Fig. 5
that the second model predicts more accurate results in this
situation. From (33) and (35), the following relations for the
second model can be derived:

K1∗ =
π/2∫
0

sin θ

1 −πa2
2 sin2 θ

=
a2π

√
1/π −a2

2 dθ

arctan
(

a2/

√
1/π −a2

2

) (40)

keff =
π

√
1/π −a2

2

2 arctan

(
a2/

√
1/π −a2

2

)
+ (1 −2a2) π

√
1/π −a2

2

(41)

Also, for the first model one may find:

keff = 1 −πa2
2 . (42)

A comparison between the exact solution with the predicted
results based on the two resistor model and two bounds given
in [10] for the case of perfectly insulating spheres is shown
in Fig. 7.

The results of the resistor models for two rested positions
(k1 = +∞, k2 = 0 and k1 = 0, k2 = +∞) are examined in
a different way. As can be seen from (15) L N

n plays an import-
ant role in the response of the system to the applied field. Due
to the shape of mathematical expression (14), for some cases
a different series of dispersed phases may exist that gives the
same value for L N

n . Nicorovici et al. [12] have studied the be-
haviors of coated spheres. The following discussion considers
the case of multi-coated spheres for three scenarios.

1) ki∗−1 = ki∗
(
2 ≤ i∗ ≤ N −1

)
. (43)

After two successive applications of (13) for i∗ and i∗ +1, the
resulting expression for Li∗+1

n is:

Li∗+1
n =

(2n −1)
(
ki∗−1,i∗+1 −1

)
+ [

2n
(
ki∗−1,i∗+1 +1

)−1
]

Li∗−1
n (ai∗−2/ai∗)4n−1[

(2n −1)
(
ki∗−1,i∗+1 +1

)+1
]

+2n
(
ki∗−1,i∗+1 −1

)
Li∗−1

n (ai∗−2/ai∗)4n−1

.

(44)

Therefore L N
n will not change if these two phases are uni-

fied and considered as a unique phase with volume fraction
4π

(
a3

i∗ −a3
i∗−2

)
/3τ0. If the core and all coating layers have

the same conductivity, the problem can be reduced to the sim-
ple array of solid spheres of radius aN−1 immersed in a matrix
of unit conductivity.

L N
n = k1 −1

k1 +2n/ (2n −1)
. (45)

FIGURE 6 Comparison between the results of the first and second resis-
tor models with the exact solution and the results of the lower bound given
in [10] for perfectly conducting phases
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FIGURE 7 Comparison between the predictions of the first and second re-
sistor models with the exact solution and the results of two bounds given
in [10] for perfectly insulating spheres

It can be shown from (27) and (31) that both resistor models
also demonstrate the same behaviour.
2) kimax = 0, where imax is the largest coating layer which
has conductivity equal to zero. For this case (44) reduces to
a simplified expression:

Limax+1
n = −2n −1

2n
. (46)

This result implies that the phases under imax have no effect
in calculating the and in fact layer imax cuts the relation be-
tween the phases i > imax and i < imax. The first resistor model
also shows the same behaviour. For this case, (28) yields the
following result:

Ki = 0 (i ≤ imax) . (47)

Thus, these phases play the same role as for the exact solution.
In contrast, it can be seen from (33) that the second model does
not demonstrate equal behaviour and the results of this model
have more errors in this situation.
3) kimax = +∞, where imax is the largest coating layer which
is perfectly conducting. Consequently,

Limax+1
n = 1 . (48)

Thus, this phase makes the phases under the phase imax ir-
relevant in the response of the system to the applied field. In
this situation, the second resistor model illustrates similar be-
haviour. All the region conductivities become infinite:

Ki = +∞ (i ≤ imax) . (49)

Therefore, they do not have any effect on the calculation of the
effective thermal conductivity (i.e. (35)). However, the first re-
sistor model is unable to predict this behaviour and the error
tends to increase for this condition.

6 Concluding remarks

The method devised by Zuzovski and Brenner [7]
has been extended to enable the calculation of the effective
conductivity of systems of multi-coated spheres consisting of
SC, BCC and FCC unit cells. An explicit expression for the
effective thermal conductivity to O

(
F9

)
has been presented.

Two resistor models have been developed to obtain alternative
solutions to the problem. By inspection of the results of the
resistor model and comparison with the results of the exact so-
lution, it was found that the results of these models constitute
two bounds for the exact solution. Some scenarios were inves-
tigated to identify and discuss situations in which one of these
models predicts better results.

The use of a more complex method of analysis, such as
combinational theory, should help to improve the accuracy
of the calculations and provide a more thorough explanation
of the physical behaviors of the system. The development of
a method based on combinational theory and its application to
the system studied in this work will be the focus of a future
investigation in this area.
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Abstract

We extend the Rayleigh method for the calculation of the effective  conductivity to three-
phase composite materials. The materials under study consist of two types of circular
cylinders in a periodic arrangement embedded in a matrix. Highly accurate values for lattice
sums were obtained using algorithms which have been recently developed. A series of explicit
formulations, which are used to facilitate the calculation of the effective conductivity of the
composites under study, are reported. We also perform a series of numerical calculations to
study the behavior of these composites.
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1. Introduction

Multi-phase heterogeneous systems can be found in a wide range of practical processes
and are of considerable technological importance. Colloidal dispersions, emulsions, solid
rocket propellant, oil-filled porous rocks, concrete, reinforced materials are a few examples of
such systems. To handle these systems optimally one needs to know how they behave at the
macroscopic level; therefore a great deal of interest has been focused on relating the
microstructural and macroscopic properties of these systems, such as the effective thermal, or
electrical, conductivity [1,2], dielectric permittivity [3,4] and permeability of a porous
medium [5].

One common type of these systems consists of a matrix and a series of dispersed phases.
Of these systems those with circular cylinders were among the first to be studied by
researchers for deriving the effective conductivity, as is the case in Rayleigh’s studies [1].
Rayleigh took into account a rectangular array of circular cylinders and showed that to
completely relate the microstructural and macroscopic properties, the effect of interaction
between the cylinders should be taken into account. This fact was later extensively used for
obtaining more accurate analytical relations for calculating the effective conductivity of these
composite systems [6,7]. Recently, some attempts have been made to generalize the study by
developing formulations for multi-phase cases [8]. Clearly, this is an important task since the
behavior demonstrated by multi-phase systems can be completely different from that
understood on the basis of two-phase systems and further investigation is necessary.

In this research, we are concerned with the problem of calculating the effective
conductivity of three-phase periodic structures composed of two types of circular cylinders.
The unit cell of the composites under study is a rectangular cylinder with a circular cylinder
of type one at the center and a circular cylinder of type two at each corner, as depicted in
figure 1. The phases can be solid or stagnant fluid. The configuration of the geometry selected
for study makes it possible to construct many periodic structures, which can be widely found
in literature. In what follows, we first develop the Rayleigh method to the three-phase
composites. Then, we verify the algorithm, comparing our results with some existing results.
Finally, we inspect the behavior of the systems. We shall use terms and notations appropriate
to the case of thermal conduction for convenience. It is worth noting that the results of this
study can be applied to many transport properties besides thermal or electrical conductivity
[9,10].

Figure 1. The unit cell of the three-phase composites under study. Cylinders of the same type
have a distance equal to a unity in the x-direction and b in the y-direction.
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2. Governing equations

Suppose that the origin of cartesian coordinates has been placed at the centre of a cylinder
of type one in a unit cell of the system in which the x- and y-axes are parallel to the sides of
the unit cell (see figure 1). Furthermore, assume that the matrix of the composite under study
has unit conductivity and the periodicity of the system in the y-direction is equal to a unity for
greater generality. Applying these conditions, we denote the conductivity of the cylinders by

1k  and 2k , the radiuses 1a and 2a  and the volume fractions 1f  and 2f  for the cylinders of
type one and two, respectively. Also the periodicity of the system in the x-direction will be
denoted by b.

For the case 1≠b , the effective conductivity of the system in the x-direction (parallel)
would be different from that of the y-direction (perpendicular) and one should calculate both
these conductivities. In order to simplify the presentation without loss of generality herein, we
only consider the parallel direction. The necessary comments for the perpendicular direction
shall be outlined in a separate section.
Let us apply a uniform temperature gradient of unit magnitude externally to the system along
the x-axis in the negative direction. By taking the center of any cylinder of type i ( )2or  1=i
as the origin of  polar coordinates ( )θ,r , the temperature within that cylinder and outside it
through the matrix can be given as

                                    ( ) ( )θθ  1-2 cos
1

12
120 nrCC,rT

n

n
i,ni,i ∑

∞

=

−
−+=                                       (1)

                       ( ) ( ) ( )θθ  12 cos 
1

12
12

12
120 −++= ∑

∞

=

+−
−

−
− nrBrAA,rT

n

n
i,n

n
i,ni,i,m ,                (2)

where the set of coefficients inC ,12 − , inA ,12 −  and i,nB 12 −  are unknowns to be determined. The
periodicity of the system implies that these coefficient be exactly the same for all cylinders of
the same type. iC ,0  and iA ,0   express the average of the temperature within the cylinder and
outside it, respectively. Thus, they are exactly the same only for cylinders of the same type
placed in a column normal to the applied field. In equations (1) and (2), also note that the
cosines of the even multiples have been ignored. This is because of anti-symmetric behavior
of the temperature around 2πθ = , where θ  is measured from the parallel direction.
At the surface of  the cylinders, the temperature and the normal component of heat flux are
continuous, i.e.,

                                               imi TT ,= ,   
r

T

r
T

k imi
i ∂

∂
=

∂
∂ ,    iar =                                             (3)

By applying the above-mentioned  boundary conditions, we can obtain
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n
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B
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,                               (4)
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where

                                             
i

i
i k

k
+
−

=
1
1

γ                  
2

1 i
i

k−
=χ                                                 (6)

For the case of non-conducting cylinders, 0=ik , we have 1=iγ  and 50.=iχ . Also,
applying perfectly conducting cylinders, ∞=ik , implies that 1−=iγ  and −∞=iχ . The
unknown coefficients still cannot be determined since the relations given in equations (4) and
(5) do not provide a complete set of equations in terms of the unknowns; we require a further
series of relations between the coefficients. For this purpose, we employ Rayleigh’s strategy
which is based on the fact that at any point the temperature may be regarded due to external
sources and multiple sources placed at the center of the cylinders. By examination of
temperature function (2) written for a cylinder, we find that terms with radius raised to a
positive power cannot be due to sources placed at the center of that cylinder since they
increase when r increases; therefore they stem from the external field and sources originated
from the center of other cylinders. As a result, we can write

              ( ) +=−+ ∑
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− xnrAA
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where i,jr  and i,jθ  are measured from the center of cylinder j situated in the array of cylinders
of type i. As is specified in equation (7), in the sum over the cylinders of type i, all the
cylinders, except the cylinder under study (j=0), should be taken into account but in the sum
over the cylinders of the other type, all the cylinders are to be considered without any
exception. The above expression can be considered as the real part of the following relation:

( )[ ]∑
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−
− =−+−+
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                             ( )[ ]∑∑
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yxB
1

12
2020212 222

i δδδ ηηξξ ,                     (8)

 
where i,jξ  and i,jη  are the coordinates of cylinder j of type i in the  coordinate system (x, y).
Now we perform successive differentiation with respect to x on both sides of the above
equation and evaluate the results at the center of the cylinder under study ( )i,i, , 00 ηξ . After
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applying equation (4), the process yields the following set of linear algebraic equations in the
unknowns i,nB 12 −  ( )21,i = :

          ( ) 12122222121222

1
24

12
212

322
n,m,mni,m,mn
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where ( )∑
≠

−+=
0

2
2 i

j

l
i,ji,ji,lS ηξ  are lattice sums over cylinders of type i. Solving equation (9)

and using equations (4) and (5) we can obtain all the unknown coefficients and as result the
temperature functions. Since considering i,nB 12 −  ( )21,i =  for a sufficiently large n has no
significant effect on the values of the temperature functions, in practice, the system of
equations (9) is truncated.

3. Determining the effective conductivity of the system

Based on Fourier’s law, the effective conductivity of the system can be derived using the
following formula [11]:

                                                                Tke ∇−=F                                                       (10)

where ( )∫=
cellV

cell dVV
 

1 FF  and ( )∫∇=∇
cellV

cell TdVVT
 

1  are the average heat flux and

temperature gradient over the unit cell, respectively. To proceed, let us decompose the
average heat flux as the following:
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where 1V , 2V  and mV  are the volumes of cylinders of type one and two and the matrix placed
in the unit cell, respectively. After performing the integrals (see appendix A), from equation
(12) we may find

                                               T-
V

B

V

B

cellcell

∇+= ii 2111 22 ,,F
ππ

                                     (13)

Taking into account that i=∇T  and bVcell = , the final result for the effective conductivity
from equations (13) and (10) can be given as

                                    ( ) 212211112111 22121 ,,,,e AfAfbBBk γγπ +−=+−=                           (14)
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As can be seen from equation (14), knowing 11,B  and 21,B  is enough for obtaining the
effective conductivity of the system. The term ( ) bBB ,, 21112 +π  was produced because of the
presence of the inclusions in the matrix. It can be positive (impairing case), negative
(enhancing case) or equal to zero. For the case in which N types of cylinders are placed in the
unit cell, the effective conductivity of the system can be obtained using

                                              ∑
=

−=
N

i

celli,e VBk
1

121 π                                                            (15)

4. The effective conductivity for the perpendicular direction

For deriving the effective conductivity in this direction in order to make it similar with the
foregone relations, we rotate the system through an angle of 2πα = . If we follow the above-
mentioned procedures for the parallel direction, we get

     ( ) 12122222121222

1
24

12
212

322
n,m,mni,m,mn

m
n

ii

i,n
i

BSBS
n

mn

a

B
δ

γ δ =′′+′′







−

−+
+

′
−−−+−−+

∞

=
−

− ∑ ,                (16)

where i,lS2′  are lattice sums over cylinders of type i in this new position. It can be proved that

( ) i,l
l

i,l S'S 22 1−=  for 1>l  and also i,i, SbS 22 2 −=′ π  (see Refs. [6] and [12]). The effective
conductivity of the system may be obtained using the similar formula as (14), i.e.,

                                                      ( ) bBBk ,,e 211121 ′+′−=′ π                                     (17)

Since the composite under study is a 2-D structure, through a methodology (see appendix
B) we can show that the effective conductivity in the perpendicular direction has been linked
to that in the parallel direction using the well-know reciprocal theorem of Keller [13-15], i.e.,

                                                ( ) ( ) 11111 2121 =′× ,,,, kkkkkk ee                                               (18)

5. Explicit solutions

For low-volume fractions or when the conductivity of the cylinders is small, considering a
few numbers of 112 ,nB −  and 212 ,nB −  in the process of solving (9) may yield reasonable results
for 11,B  and 21,B  and as a result, based on equation (14), for the effective conductivity. It is
more useful that, within these boundaries, we manage to derive an explicit relation for the
effective conductivity of the system. Based on the method used for truncating (for example
square or triangular manner) and on the number of the unknowns taken into account, one may
obtain different expressions. If we truncate equation (9) in a triangular manner and keep only
the coefficient iB ,1 and iB ,3  ( )21,=i , we find
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Deriving 11,B  and 21,B  from the above equation and using equation (14), we can obtain the
effective conductivity of the system in an explicit relation, i.e.,
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where
                                          ( ) ( ) 21
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For the case of uniform cylinders ( )∗∗ ==== γγγ 2121 ,fff  from equation (20), we obtain
the following formula:

                                                    
41

2
1

FdF
F

ke ∗∗ −+
−=

γγ
,                                                (26)

where ∗=+= fffF 221  is the total volume fraction and ( ) ( ) 163 2
2414

4
1 ,, SSbd += π . We

have listed 51 c,,c K  for the case 3=b  in table 1, calculating highly accurate values for
lattice sums using integral representation technique [16]. For this case, 0=d  as we expected
[6]. Note that equation (20) can also be applied for the perpendicular direction if we calculate
the coefficients for this direction. In table 1 we have also reported these values.
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Table 1. The calculated values for 51 c,,c K  used in the analytical formula (20) for
determining the effective conductivity in the parallel and perpendicular directions for the case

3=b .
       Parallel                             Perpendicular

1c 0.187018134 1.812981866

2c 1.310523128 1.310523128

3c 1.310523128 1.310523128

4c 1.812981866 0.187018134

5c -1.310523128 -1.310523128

6. Results and discussions

Before starting the discussion on the results of the three-phase system, it is helpful to verify
the validity of the extension to the three-phase system.

Table 2. The calculated lattice sums over cylinders of type one ( )1,nS  and two ( )2,nS  for the

case 3=b  for 40≤n . The fourth column shows that the sum of these two lattice sums is
zero for cases 2≠n  and ( )∞=≠ ,,mmn L1 6 .

n 1,nS 2,nS 21 ,n,nn SSS +=
2   0.3392133718630  3.2883853566054  3.6275987284684
4   2.1744038488973 -2.1744038488973 0.0
6 -2.0154171446150 -3.8476145488104 -5.8630316934253
8  2.0262994706141 -2.0262994706141 0.0
10 -1.9919685438111  1.9919685438111 0.0
12   2.0041914554050  4.0054485162926  6.0096399716977
14 -1.9990818777902  1.9990818777902 0.0
16  2.0003051627592 -2.0003051627592 0.0
18 -1.9999213768630 -3.9997969795075 -5.9997183563705
20  2.0000338688335 -2.0000338688335 0.0
22 -1.9999887079801  1.9999887079801 0.0
24  2.0000041209456  4.0000075266341  6.0000116475798
26 -1.9999987455894  1.9999987455894 0.0
28  2.0000004181529 -2.0000004181529 0.0
30 -1.9999998662038 -3.9999997212317 -5.9999995874356
32  2.0000000464611 -2.0000000464611 0.0
34 -1.9999999845130  1.9999999845130 0.0
36  2.0000000052497  4.0000000103247  6.0000000155744
38 -1.9999999982792  1.9999999982792 0.0
40  2.0000000005736 -2.0000000005736 0.0
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We perform a series of calculations for two-phase composites with uniform cylinders
arranged either in square ( )1=b  or hexagonal orders ( )3=b  and then compare the results
with those reported by Perrins et al. [6]. The two-phase cases can be constructed from the
three-phase one simply by applying 21 ff =  and 21 kk = . For this purpose highly accurate
values for lattice sums over cylinders of type one and two were derived and equation (9)
(i=1,2) was solved numerically using LU decomposition method [17].  Taking into account
100 unknowns of 112 ,nB −  and 212 ,nB −  gives us a measure of obtaining accurate results for all
the volume fractions and conductivities considered (see Ref. [6]). Table 2 shows a part of the
calculated lattice sums used in the procedure of the solutions. In figure 2 the results are
compared for both the square and hexagonal arrays for the most challenging case, i.e., the
case of perfectly conducting cylinders. As can be seen for all the values of volume fractions,
the results of two studies are in excellent agreement.

0.2 0.4 0.6 0.8 1

10

20

30

40

50

60

Perrins et al. [6]

Present

k
e

F

Square array

Hexagonal array

Figure 2. The effective conductivity of two-phase composites with mono-sized perfectly
conducting circular cylinders arranged in square and hexagonal orders. F shows the volume
fraction of the cylinders. The solid lines are the results of Perrins et al. [6] and the dotted lines
are those obtained by solving the governing equations of the three-phase composites.

Figure 3 shows a typical result for the effective conductivity of the system for both the
parallel and perpendicular directions. The volume fractions are 40 and  40 21 .f.f == , and the

periodicity in the x-direction was supposed to be  3=b . For deriving the conductivity of the
system in the perpendicular direction we can either solve equation (16) and apply equation
(17) or, alternatively, use the Keller theorem for this purpose. Through a careful examination
of this figure, it appears that increasing or decreasing the conductivity of the both types of
cylinders may enhance or diminish the conductivity of the system, respectively, which is
obvious and remains correct for both directions. Furthermore, the system demonstrates higher
effective conductivity in the perpendicular direction. This behavior is a consequence of the
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rectangular shape of the unit cell which provides a more (less) important role for the cylinders
with lower conductivity in the parallel (perpendicular) direction.
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Figure 3. The contours of the effective conductivity in the parallel and perpendicular
directions for the case of equal sized cylinders. 401 .=f , 402 .=f  and 3=b .

Interestingly, for the case of mono-sized cylinders with ∞=1k  and 02 =k , increasing the
volume fraction of the cylinders causes the conductivity of the system to approach zero in the
parallel direction and approach infinity in the perpendicular direction (see table 3). When
perfectly insulating cylinders touch each other, they form a barrier which prevents heat flow
in the parallel direction (Note that for the case of spherical inclusions this behavior does not
hold true since heat can pass through the gaps between spheres). This behavior can also be
observed for all systems for which 1>b . For the case 1=b , however, the system is isotropic
and the same results can be expected for both directions. For this case, the same type
cylinders are not able to touch each other and a limited value for the effective conductivity of
the system can be expected. Surprisingly, we found that the effective conductivity of the
system is simply a unity. This result can be confirmed using the Keller theorem as follows:
Since the system is isotropic and interchange between the material of the cylinders keeps the
system unchanged, using equation (18) we can get

       ( ) ( ) ( ) ( ) 111111111 =×=′× ,k,kk,k,kk,k,kk,k,kk eeee                             (27)
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Table 3. The effective conductivity in the parallel and perpendicular directions, with respect
to the total volume fraction (F). The cylinders are mono-sized, 01 =k , ∞=2k and 3=b
( 1>b ).

F ek      ek ′
0.1 0.983871 1.01639
0.2 0.937008 1.06723
0.3 0.863599 1.15794
0.4 0.769417 1.29969
0.5 0.660207 1.51468
0.6 0.539863 1.85232
0.7 0.408730 2.44660
0.8 0.261159 3.82908
0.9 3E-7 19.253
( )32π 0 -

Considering 0=k  proves our case. Sculgasser [18] has shown that in a three-phase system
with interchangeable phases (see figure 4), when one of the phases has conductivity equal to k
and the two remaining phases are perfectly conducting and non-conducting, the effective
conductivity of the system is k. From the above results, it is clear that it is not necessary for
the first phase to be interchangeable, and it can simply be a matrix.

Figure 4. The three-phase structure investigated by Schulgasser et al. [18]. All the phases are
interchangeable.

For the case 1=b  with non-equal sized cylinders, if ( )2
12

4
−≤

π
if , 

22 i
f δ−  can be

increased freely to the touching value limit and the effective conductivity of the system can
approach infinity or zero, depending on the conductivity of the touching cylinders.
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Figure 5 shows the results of the effective conductivity for a system with a lower total
volume fraction, i.e., 401 .f =  and 202 .=f . b as before is  equal to 3 . Comparing with
figure 4 we can see that the case 121 == kk  is the only situation in which both systems for
the given conductivities present the same effective conductivity. In this situation 021 == γγ ,
which leads to 02111 == ,, BB , and as a result, 1=ek . Figures 3 and 5 also show that having
cylinders with conductivities equal to the conductivity of the matrix is not the only condition
for the effective conductivity to be equal to the conductivity of the matrix. In fact, this case is
a special state of the following general situation:

                                           0212211112111 =+=+ ,,,, AfAfBB γγ                                              (28)

The importance of the situation 121 == kk  ( 02111 == ,, BB ) is that it is independent of the

values of 1f , 2f  and b , and for all theses situations, we would find that 1=ek , which is
physically obvious. This behavior does not hold for the other values of the conductivities.

-2 -1 0 1 2
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Figure 5. The contours of the effective conductivity in the parallel and perpendicular
directions for the case of unequal sized cylinders. 401 .=f , 202 .=f  and 3=b .

7. Conclusion
The effective conductivity of three-phase composites with circular cylindrical inclusions in a
periodic arrangement was derived by extending a method put forwarded by Lord Rayleigh
[1]. Considering the recent development in the fast and accurate calculation of lattice sums
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[16,19], such an extension can be used efficiently for calculating the conductivity of the
system. A study of the bahvior of the composites revealed that they may exhibit unexpected
results in particular states. The structure considered in this study was an ideal one, but the
results can be useful for understanding the interplay between microstructures and the effective
property of real multi-phase fiber composites and specifically those which can be
approximated with the use of periodic structures and circular cylindrical inclusions. Also, the
results provide a helpful resource in the process of testing and developing well-known
classical numerical methods such as the boundary element method [20] or other proposed
schemes in calculating the effective conductivity of multi-phase composite materials.
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Appendix A

We would like to calculate the following term:

                                                       ∫∇
−

=
iV

i
cell

i
i

dVT
V

k
 

1
S                                   (A-1)

By using Green’s first identity [21], the above relation becomes

                                                     ∫−
=

i

dST
V

k
i

cell

i
i

σ 

1
nS ,                                                     (A-2)

where iσ  is the surface of the cylinder of type i in the unit cell and n expresses the unit
outward normal vector to the surface. Taking into account the temperature function given in
equation (1) and after using the orthogonality properties of trigonometric functions, we can
obtain

          
( )

iii
cell

i,
i,

cell

ii
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= ∫S                         (A-3)

Appendix B

Here extending the procedure given by Perrins et al. [6] we prove Keller’s theorem for the
system under study as follows: Considering that reversing the conductivity of the phases only

makes the sign of iγ ( )21,i =  negative and applying the mentioned property of lattice sums in
section 4, from equation (16), we may write

  
( ) ( ) ( )( )=′−+′−
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                                                                                         ( )[ ] 1211  21
2 n,i, bBB
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δπ δ−′+′−          (B-1)

                                                                                               
Using equation (17) and comparing the above relation with equation (9), we find that

                                                ( ) ( ) i,n
n

e

i,n B
,k,kk

B
12

21

12 1
111 −

− −=
′

′
                                                (B-2)

Writing the above relation for 1=n  and using again equation (17) we have

                                         ( ) ( ) ( ) b,k,kkBB,k,kk e,,e 111 21111 21211121 ′++=′ π                    (B-3)
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Applying equation (14) gives

                                                   ( ) ( ) 11111 2121 =′× ,,,, kkkkkk ee                                          (B-4)
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Abstract

The effect of interfacial resistance on the effective conductivity of a multi-phase composite material was studi
composite under study is composed of a matrix surrounding different types of circular cylinders arranged in rectangu
It was assumed that the interfacial resistance is concentrated on the surface of the cylinders. For any direction of c
the effective conductivity of the system, a condition was found in which the effect of cylinders of one type can be ne
This condition may be estimated byR � k − 1, whereR andk are the non-dimensional interfacial resistance and the rel
conductivity of the neglected cylinders, respectively. The caseR = k − 1 applies when the same relation exists between
interfacial resistance and conductivity of all types of cylinders.
 2003 Elsevier Science B.V. All rights reserved.

PACS: 44.10.+i; 72.80.Tm; 41.20.Cv
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Multi-phase systems, which consist of inclusions
different shapes and properties embedded in a ma
can be found in a wide range of practical processes
are of considerable technological importance. St
ing with the work of Maxwell [1] and Rayleigh [2],
who considered the problem of calculating the eff
tive conductivity of two-phase systems composed
spheres and cylinders, McPhedran later extended
discussion to three-phase composites having the C
structures [3]. More recently, Whites et al. [4,5], in
the context of the dielectric constant, have develo
a formulation for the efficient numerical calculatio
of the effective property of multi-phase composit

* Corresponding author.
E-mail address: ali.moosavi@lut.fi (A. Moosavi).
0375-9601/03/$ – see front matter 2003 Elsevier Science B.V. All rig
doi:10.1016/S0375-9601(03)00749-7
l

Since the problem of calculating dielectric constan
mathematically identical to that of calculating therm
or electrical conductivity [6,7], similar results can be
expected.

Most studies have assumed that the interfac
ideal, but the interfacial resistance may occur d
to a variety of phenomena [8], such as the presenc
of a thin gap with a third material between t
inclusions and the matrix [9] and disparity in the
physical properties [10] (Kapitza resistance). Takin
this effect into account is very important, since t
effective conductivity may change significantly, a
a system with conducting inclusions may behave
one that has non-conducting inclusions.

Chiew [8] showed that for composite materials wi
a random array of uniform spherical inclusions, th
may exist a critical situation in which the system do
hts reserved.

http://www.elsevier.com/locate/pla
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Fig. 1. The structure of the three-phase composite under stud

not sense the presence of the inclusions. Studies
the behavior of composites that consist of perio
arrays of uniform spheres [11,12] and random and
periodic arrays of uniform cylinders [13,14] revealed
that for all these cases a critical situation arises
the non-dimensional interfacial resistance between
inclusions and the matrix is equal to the relat
conductivity of the inclusions minus one.

Here, we extend the discussion to multi-phase co
posite materials. In order to simplify the presen
tion, let us consider a three-phase system that c
sists of a matrix and two types of circular cylind
cal inclusions that are arranged in rectangular or
with periodicities equal to a unity in they-direction
and b in the x-direction, as depicted inFig. 1. Let
us assume that a uniform field of magnitudeEext has
been applied along thex-axis in the negative direc
tion. At the surface of any cylinder of typei (i = 1,2),
we may consider a dimensionless interfacial re
tance [15], Ri , and express the boundary conditio
as follows:

(1)
ki

Riai
(Ti − Tm)= −ki ∂Ti

∂r
= −∂Tm

∂r
, r = ai,

wherea and k represent the radius and the relat
conductivity of cylinders, respectively.T shows the
temperature function andm refers to the matrix. Us
ing the Rayleigh method for the purpose of solving
Laplace equation through the system provides a
tem of algebraic equations in which thenth equation
(n= 1, . . . ,∞) of the set reads

Bi2n−1

γ i2n−1a
4n−2
i

+
∞∑
m=1

(
2n+ 2m− 3

2n− 1

)

(2)

× (
S1

2n+2m−2B
i
2m−1 +S2

2n+2m−2B
2−δi2
2m−1

)=Eextδn1,

whereBi2n−1 are unknowns,Si2n are the lattice sum
[1] over cylinders of typei, δij represents the Kro
necker delta (1 fori = j , otherwise 0) andγ i2n−1,
which can be referred to as multipolar polarizabiliti
are of the form

(3)γ i2n−1 = 1− ki +Ri(2n− 1)

1+ ki +Ri(2n− 1)
.

By applying the Fourier law, the effective condu
tivity of the system can be derived as follows:

(4)ke = 1− 2π(B1
1 +B2

1)

bEext

or more generally, for the case ofN types of cylinders
in the unit cell aske = 1 − 2π

∑N
i=1B

i
1/(bEext). The

values ofB1
1 andB2

1 can be obtained numerically b
solving the algebraic system of equations given in(2),
however, coarsely truncating(2), we may explicitly
derive these values. If we perform a triangular tru
cation of the second order of(2) and use the resultan
B1

1 andB2
1 in (4), we can obtain an analytical relatio

for the effective conductivity, which can be applied
low-volume fractions, i.e.,

(5)

ke = 1−
2∑
i=1

2fi
(λiλ2−δi2 − ξiξ2−δi2)/(λ2−δi2 − ξ2−δi2)

with

(6)λi = 1

γ i1

+ c1fi − c2γ i3f 4
i − c3γ 2−δi2

3 fif
3
2−δi2,

(7)ξi = c4fi − c5
(
γ i3f

4
i + γ 2−δi2

3 fif
3
2−δi2

)
,

where fi denotes the volume fraction of cylinde
of type i. The constants for the caseb = √

3 for
deriving the effective conductivity in thex-(parallel)
andy-(perpendicular) directions are listed inTable 1,
calculating highly accurate values for the lattice su
using integral representation technique [16].

Fig. 2 shows the results for the effective condu
tivity in the presence of the interfacial resistance. T
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Table 1
The calculated values forc1, . . . , c5 used in the analytical for
mula (5) for determining the effective conductivity in the parall
and perpendicular directions for the caseb= √

3

Parallel Perpendicula

c1 0.187018134 1.812981866
c2 1.310523128 1.310523128
c3 1.310523128 1.310523128
c4 1.812981866 0.187018134
c5 −1.310523128 −1.310523128

Fig. 2. The contours of the effective conductivity with respect to
interfacial resistance of the cylinders.f1 = 0.4, f2 = 0.2, k1 = 101,
k2 = 101 andb = √

3. As can be seen for the cases in which
interfacial resistances are very large, the effective conductivity
the system is less than the conductivity of the phases (seeke = 0.4).
This is because under these conditions the cylinders act as cylin
the conductivity of which is less than that of the matrix.

volume fractions aref1 = 0.4 andf2 = 0.2, the con-
ductivities of the cylinders were assumed to bek1 =
101, k2 = 101, and the periodicity in the parallel d
rection isb = √

3. The effective conductivity was de
rived numerically by solvingEq. (2)and then applying
Eq. (4). 100 unknowns ofBi2n−1 (i = 1,2) were con-
sidered in the process of the solution. As can be s
the effective conductivity of the system can be hig
affected, and based on the values ofR1 andR2, the
system may yield a conductivity outside the limit
the conductivity of the phases. Providing thatB1

1 +
B2
1 = 0, the system is subject to situations in whi

the effect of the inclusions can be neglected (ke = 1
in Fig. 2). Of these states, the caseB1

1 = B2
1 = 0 is of

particular interest. This case occurs whenRi = ki − 1
(i = 1,2), and as a result based onEq. (3)the dipole
polarizabilities(γ 1

1 , γ
2
1 ) are zero. Obtaining a value o

zero for the dipole polarizabilities means that the s
of the system resembles that of a system of perfec
terfaces which is made up of cylinders the conductiv
of which is equal to a unity. Therefore, we may exp
that the effective conductivity would be independ
of the volume fractions and the direction of the calc
lation of the effective conductivity.

While the effect of both types of cylinders can
exactly neglected whenRi = ki − 1 (i = 1,2), in
general the effect of the inclusions of typei (i = 1
or 2) cannot be neglected when onlyRi = ki − 1.
In other words, systems withki = 1, Ri = 0 (two-
phase system) andki , Ri = ki − 1 (three-phase sys
tem) are not equivalent whenR2−δi2 	= k2−δi2 − 1.
Although for both cases,Bi1 is zero and the effec
tive conductivity can be calculated simply by usi
ke = 1 − 2πB2−δi2

1 /(bEext) but for the imperfect in-
terface case, the termsBi2n−1 (n > 1) are not zero
and are present in the procedure of the calculatio
B

2−δi2
1 , as is evident inEq. (2). For the perfect inter

face case, all the terms ofBi2n−1 (n > 1) are zero and

do not affect the value ofB2−δi2
1 . This means that th

field distributions inside the matrix for the two- an
three-phase systems may be dissimilar. The degre
discrepancy can only be numerically determined
depends on the geometrical considerations, resist
and conductivity of the inclusions.Fig. 3shows a com-
parison between the effective conductivity of the t
systems for a series of given data. As can been s
the results for the three-phase system underestim
the conductivity of the two-phase system. The rea
can be understood when considering that for the th
phase caseγ i2n−1> 0 (n > 1), while for the two-phase
one they are zero. Increasingfi increases the erro
since the higher-order terms play an important r
in the response of the system. In the dilute limit,
systems can be used equivalently. This is also evi
from Eq. (5), as ignoring the higher orders for the ca
γ i1 = 0 giveske = 1 − 2f2−δi2/(1 + c1γ 2−δi2

1 ), which
is the conductivity of the system, which neglects
effect of the type-i inclusions.



ARTICLE IN PRESS

4 A. Moosavi, P. Sarkomaa / Physics Letters A ••• (••••) •••–•••

1 49

2 50

3 51

4 52

5 53

6 54

7 55

8 56

9 57

10 58

11 59

12 60

13 61

14 62

15 63

16 64

17 65

18 66

19 67

20 68

21 69

22 70

23 71

24 72

25 73

26 74

27 75

28 76

29 77

30 78

31 79

32 80

33 81

34 82

35 83

36 84

37 85

38 86

39 87

40 88

41 89

42 90

43 91

44 92

45 93

46 94

47 95

48 96

se

of
hose

tem
o-
tion
ity
st

as
ne
be

t

the
tem
he

ity

i-
odic
nce
ne
the
ture

lar
the
r
om

ons

for
ice
to

n-

ruc-
rk,
Fig. 3. The effective conductivity of the two- and three-pha
systems. For the three-phase system,k1 = 101,k2 = 101,R1 = 10,
R2 = k2 − 1 = 100 andb = √

3. The two-phase system consists
the matrix and type-one cylinders with the same properties as t
given in the three-phase case.

By reducingRi from the valueki − 1, we may
obtain a situation in which the three-phase sys
exactly gives the effective conductivity of the tw
phase one. The expectation of finding such a situa
stems from the fact that cylinders the conductiv
of which is greater than that of the matrix, boo
the conductivity of the system.Fig. 4 reports such
an interfacial resistance for type-two cylinders
a function of the interfacial resistance of type-o
cylinders for another series of given data. As can
seen, only whenR1 = k1 − 1, we getR2 = k2 − 1.

For the case ofN types of cylinders in the uni
cell, by extendingEqs. (2) and (4), it can be shown
that whenRi = ki − 1 (i = 1, . . . ,N), the effect
of all types of cylinders can be neglected and
system simply behaves like a homogeneous sys
with the conductivity of the matrix. In other cases, t
resistance, in which the effect of type-i cylinders in the
direction of the calculation the effective conductiv
can be neglected, may be estimated byRi < ki − 1.

In summary, the effective conductivity of a mult
phase composite material that is made up of a peri
structure in the presence of the interfacial resista
was studied. The situations in which the effect of o
or all types of cylinders can be neglected due to
interfacial resistance were explained. The struc
Fig. 4. The calculated value forR2, in which the effect of
the type-two cylinders can be neglected.f1 = 0.45, f2 = 0.45,
k1 = 101,k2 = 101 andb = √

3.

considered in this study was composed of circu
cylinders in a periodic arrangement, but when
results given in Refs. [11–14] are considered, a simila
outcome can be expected for the case of rand
arrangements as well as for that of spherical inclusi
(random and periodic).
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Abstract

This paper reports a series of investigations into the effective transport properties of
composite materials with coated inclusions. The geometry of the inclusions under
study are circular cylindrical, elliptical cylindrical and spherical. The method we use
for this study extends the theorems or exact solutions given for two-phase systems. It
is shown that only in a few cases coated composites exhibit the same behavior.

                                                
∗ Corresponding author, Fax: +358 5 6212799, Email: Ali.Moosavi@lut.fi



2

1. Introduction

Determining the response of composite systems to an imposed field has long been
of interest from both the theoretical and applied standpoints. The problem arises when
studying a variety of phenomena in physics [1-3], mathematics [4,5], biology [6] and
engineering [7].  In many cases it is necessary to coat the inclusions; one such case is
for the purpose of increasing the wettability and adhesion of the inclusions and the
matrix. When the enhancing effect of the inclusions is not sufficient, a coating layer
may modify the behaviour of the system. For protection from chemical reactions, a
suitable coating layer can also be applied. In some cases, the coating layer is
unwanted but occurs because of many problems in the production processes. For
instance, due to a mismatch in thermal expansion, a coating layer with a third material
may appear between the inclusions and the matrix. In some cases, modelling a system
as a coated one may provide reasonable results, even though the system is not exactly
coated. This is the case for wet wood for which the moisture is considered to be a
coating layer. Therefore, extending the formulations to coated systems and inspecting
behavior of these systems may have many implications.

In this research, we consider coated composite systems and inspect some of the
behaviour of these systems. The formulations have been given in the context of
dielectric constant for greater generality [8].

2. Analysis

Consider a statistically homogeneous composite material that consists of a random
array of cylinders with arbitrary cross-sections embedded in a host medium. The
dielectric constants of the layers are iε  ( )21,=i  where i =1 stands for the core and i=2
for the matrix. Mendelson [9] has shown that Keller’s reciprocal theorem [10] is valid
for the system. Therefore we can write the following :

                                              ( ) ( ) 111 2121 =× εεεεεε ,, y
eff

x
eff                                        (1)

where x
effε  and y

effε  are the effective dielectric constants in the direction of the
principal axes x and y, respectively. The mathematical basis for the proof of this
behaviour is the observation that any two-dimensional divergence-free field, when
rotated locally at each point by 90°, produces a curl-free field and vice versa [11]. If
we develop this result to multiply coated systems we obtain

                                       ( ) ( ) 111 11 =× N
y
effN

x
eff ,,,, εεεεεε KK                                   (2)

 where N stands for the matrix(see also Lu [12] and Fel et al. [13]). Considering the
following general rule

                   ( ) ( )Nl,Nll,
y
efflNNll

y
eff ,,,,,,,, εαεεαεαεαεαεαε KKKK 1111 =                   (3)

where jij,i ααα = , we may also derive
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               ( ) ( ) NNNN
y
effN

x
eff ,,,,, εεεεεεεεεεεεεεεε LLKLLK 2112131321 =× −        (4)

If the medium is statistically isotropic, relation (2) can be rewritten as

                                        ( ) ( ) 111 11 =× NeffNeff εεεεεε ,,,, KK                                 (5)

The behaviour expressed in Eq. (2) and the resultant relations adhere to the
following general facts that can be applied to any coated composites. When one layer
is perfectly insulating or conducting, the layers under this layer will have no affect in
the transport property of the system. Secondly, if two layers have the same dielectric
constant, they can be considered to be a unit layer.

For composites consisting of a random array of singly coated circular cylinders,
Nicorovici et al. [14] proved that, by coating the cores with the material of the core or
its negative, the same effective dielectric constant may be achieved. This behaviour
can be formulated as

                        ( ) ( ) 1
1

211
211 =

±
×

εεεε
εεεε

,,
,,

x
eff

x
eff                                           (6)

                                ( ) ( ) 1
1

211
211 =

±
×

εεεε
εεεε

,,
,,

y
eff

y
eff                                          (7)

Our attempt [15] to extend the results to multiply coated cylinders showed that
coating the cores with a series of layers, which have the same property as the core or
its negative, may yield the same response to the applied field. For example, the
following doubly coated systems all have exactly the same dielectric constant:

                                                  

2111

2111

2111

2111

εεεε
εεεε
εεεε
εεεε

,,,
,,,
,,,
,,,

−−
−

−
                                                             (8)

This means that

                       ( ) ( ) 1
1

2111
2111 =

±±
×

εεεεε
εεεεε

,,,,
,,,,

L
L

x
eff

x
eff                                 (9)

                       ( ) ( ) 1
1

2111
2111 =

±±
×

εεεεε
εεεεε

,,,,
,,,,

L
L

y
eff

y
eff                               (10)

Using relation (2) we may also find that

                ( ) ( ) 11111 21112111 =±±× εεεεεεεεεε ,,,,,,,, LL y
eff

x
eff                          (11)

The proof of the behaviour outlined in Eqs. (9) and (10) is different from that
given for Eqs. (1) and (2) and is based on deriving the effective dielectric constant of
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the system. Herein, we briefly explain the method for the composites with square
array of multiply coated circular cylinders. The effective dielectric constant of the
system can be calculated using N

eff B121 πε −=  which is the result of Green’s theorem

[16]. NB1  is an unknown that can be obtained by solving the following set of linear
equations [17]:

                       
( )

( ) ( )∑
∞

=

−−+−− =
−−

−+
+

1

1122221212 1222
322

m

n
N
mmn

N
n

N
n BS

nm
mn

B δξ
!!

!
                       (12)

where 1nδ  represents the Kronecker delta (1 for n=1, otherwise 0), nS  are the lattice

sums [16,17] and ia  is the radius of layer i. The coefficients N
n 12 −ξ  can be obtained by

successively applying the following procedure which is the result of implementing the
boundary conditions  between the layers:

                             
( ) ( )
( ) ( ) 24

1
24

1
1

1211

24
1

1
1211

12
1

−
−

−
−

−
−−−

−
−

−
−−−

− ×
−++
++−

= n
i

n
i

i
niiii

n
i

i
niiiii

n aa
a

ξεεεε
ξεεεε

ξ                             (13)

For all the cases given in (8), relation (13) can be reduced to
( ) ( )[ ]24

31212
4

12
−

− −+= n
n aεεεεξ  which is exactly equal to that given for solid

cylinders of radius 3a . Since the other parameters remain unchanged, all the cases
yield the same 1B  and, as a result, the same dielectric constant can be expected for all
of them. We have numerically verified the above theorems. Our numerical
investigations show that it is not necessary for the system to be composed only of
coated cylinders. Other geometries, which do not interrupt coated cylinders, can also
be included in the system.

The above bring up the question as to whether one can expect the same behaviour
for all composites with cylindrical inclusions. Among a few potential geometries for
analytical inspection, we rather consider elliptical inhomogenities [18] since the
solution is given based on the Rayleigh method. Because of the anisotropy, we are
concerned with two series of relations for ξ , i.e.

                                
( ) ( )

( ) ( ) ( ) 12
112

11122

2

1
2sinh
sinhcosh

µµεε
µεµε

ξ
nn

x
n

ecn
nn

×
−

+
=,                         (14)

                                 
( ) ( )

( ) ( ) ( ) 12
112

12112

2
1

2sinh
sinhcosh

µµεε
µεµε

ξ
nn

,y
n

ecn
nn

×
−

+
=                        (15)

where ( )θµ ,  are elliptic cylindrical coordinates and c  is the distance between the two
foci. Here we develop the solution to a multiply coated system. The results can be
expressed as
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( ) ( ) ( ) ( )[ ]
( ) ( )[ ] ( ) ( )( )

( ) 1

1

1

2

11
21

111

111
21

1

2

1
                                                                                                              

2sinh22coshsinh2

sinhcosh22

−

−

−

×
−++

++−
=

−−
−

−−−
−

−−−
−

−
−

i

i

i

nn

iii
ni

xniiii
n

iiii
ni

xnii
n

ix
n

ec

ncnne

nnce

µ

µ

µ

εεµξµεµε

µεµεξεε
ξ

,

,,

                                                                                                                                   (16)

( ) ( ) ( ) ( )[ ]
( ) ( )[ ] ( ) ( )( )

( ) 1

1

1

2

11
21

111

111
21

1

2

1
                                                                                                                 

2sinh22sinhcosh2

coshsinh22

−

−

−

×
−++

++−
=

−−
−

−−−
−

−−−
−

−
−

i

i

i

nn

iii
ni

yniiii
n

iiii
ni

ynii
n

iy
n

ec

ncnne

nnce

µ

µ

µ

εεµξµεµε

µεµεξεε
ξ

,

,,

                       (17)

Using the relations ic
ace i

i

=
∞→

→
2lim

0

µ

µ

 and 02lim
0

=−

∞→
→

i

i

ce
c

µ

µ

, one can show that  in the

limit, both ix
n

,ξ  and iy
n

,ξ  will be reduced exactly to the corresponding relation given
for circular cylinders (i.e. Eq. (13)). But substituting the relations

( )12  1 −=−= − Niii ,,Lεε  for an arbitrary c and µ  does not reduce ix
n

,ξ  and iy
n

,ξ  to
the shape of the formulations given for a two-phase system (i.e. Eqs. (14) and (15)).
Therefore, the above-mentioned behaviour for circular cylinders cannot be  applied
for all coated composites with cylindrical inclusions. In figures 1 (a, b) this fact has
been verified. As can be seen, changing the dielectric constant of the coating layer
from 12 εε =  to 12 εε −=  alters the field through the matrix. The equivalent system
for the case 12 εε −=  can only be numerically determined.

            

Fig. 1. The equipotential contours inside the unit cell of a system composed of singly
coated elliptical cylinders. A potential gradient of unit magnitude was applied
externally along the x -axis and other external boundaries were insulated. (a) 12 εε =
(b) 12 εε −= .
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Now we consider composites with coated spherical inclusions. The behavior given
in Eq. (2) is not valid for these composites [19]. Also, it has been shown that relations
(6) and (7) are not applicable for composites with spherical inclusions [14]. The
equivalent system again can only be numerically determined. However, in the dilute
limit, where we can assume that there is no interaction between the spheres,
cases 12 50 εε .−=  and 12 εε =  give the same response to the applied field. If we
develop the solution given for the solid spheres [20] to multiply coated spheres, the
corresponding i

nξ  can be obtained as

                
( ) ( )[ ]

( )[ ] ( )( ) 14
1

14
11

1
121

14
11

1
121

12
1

 12122
 2122

−
−

−
−−

−
−−

−
−−

−
−−

− ×
−−+−+

+−+−
= n

i
n

iii
i
nii

n
iii

i
niii

n aannn
annn

εεξεε
εεξεε

ξ               (19)

By substituting ( )13   50 1 −=−= − N,,i. ii Lεε  for n=1 in Eq. (19) one can show that
the above-mentioned behaviour for composites with singly coated spherical inclusions
cannot be extended to multiply coated spheres. We also argue that applying the above
conditions for multiply coated systems means that, for infinitely coated layers, the
property of the outermost coating layer tends to be zero. As mentioned before, this
layer has the property of impeding the effects of the other coating layers in the
dielectric constant of the system. Therefore, the dielectric constant of the system
cannot be equal to that of a system consisting of spheres with the property of the core.

3. Conclusion

 The behaviour of coated composites in a viewpoint can be divided into two main
groups of which one is applicable to every coated system and the other to those which
are valid just for one or a series of coated systems. The restrictions in the behaviour
outlined in this research were the dimension, concentration and geometry.
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