Path Simplification under Difference Area Measure
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Abstract—In this paper, we consider path simplification prob-
lem under difference area (diff-area) measure. Diff-area measure
is defined as |A4(Q) — Ap(Q)|, where A4(Q) is the area under
Q@ and above P and Ap(Q) is the area above () and under
P (see Figure 1). Bose et al. [1] presented an approximation
algorithm for finding a simplified path with at most & vertices that
minimizes the diff-area measure which only works on z-monotone
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paths. The constraint of being x-monotone is restrictive in some
applications like tracking bird migration paths or map boundary
simplification. Here, we extend the method of Bose ef al. [1] and
present algorithms with the same time complexities as theirs for
general paths.

I. INTRODUCTION

Path simplification, also known as line simplification or
generalization in some literatures, is a fundamental problem
in cartography , imaging, computational geometry and geo-
graphic information systems (GIS). We are given sequence of
input points defining a path P = (p1,pa, ..., p,) and asked to
simplify P by another path Q = {q1 = p1,G2,-..,qk = Pn)
with k& < n. The similarity between P and @) is measured
using different metrics (error functions).

There are two main versions of this problem. In the re-
stricted version, the vertices of () should be a subsequence of
the vertices of P. In the unrestricted version, there is no such
restriction.

The error of a simplification () under an error func-
tion m is represented by Error,,(Q). This simplification
error is either defined to be maxf:_f Error,, (¢;qi+1) or
Zf;ll Error,,(¢;q;+1) which are respectively referred by
Pmbﬁax-simp and Probgl‘lm_simp. Assuming that ¢;q; 11 is the
simplification of sub-path P(s,t) = (ps = i, Ps+1,---,0t =
Gi+1)» Errory, (gigi+1) is the associated error of approximating
P(s,t) by link g;qi+1 under error function m. The main
simplification metrics are retained length, angular change,
perpendicular distance, Fréchet distance, and areal displace-
ment [2]. A survey and comparison of these metrics can be
found in [3], [4].

There are two optimization goals for this problem: (1) min-
k, where for a given error threshold ¢, the goal is to find a
simplification with the minimum number of vertices and error
of at most ¢, and (2) min-é, where for a given number k, the
goal is to find a simplification of at most k vertices and with
the minimum simplification error.In this paper, we consider
the restricted version of the min-k problem.

Fig. 1. Path P is simplified by path Q. A 4(Q) is shown by dark gray and
Ap(Q) is shown by light gray.

a) Related work.: There are different results for line
simplification under the area measure [1], [5], [6], [7],
[8], [91, [10]. It was first studied by McMaster [5], [6].
Aronov et al. [10] studied the unrestricted version of min-
k simplification under I, and Lo metrics. They presented
an approximation algorithm of O(kn*e~*log*(n+¢~1)) time
complexity and 1 + € error. Bose et al. [1] studied three kind
of area measures: Sum-area , Max-area and Diff-area. They
proposed simplification algorithms for these three measures
on x-monotone paths. For Probzﬂﬁ:g{&a;y they presented a
polynomial time algorithm for min-J simplification. They
showed that Prob;?l%(:;rtf% and Probgzlfmf'f‘sriﬁp are N P-hard
and therefore presented approximation algorithms for these
measures. Daneshpajouh er al. [11] studied the unrestricted
version of min-k simplification and presented an optimal
O(n?) algorithm and an O(n?) approximation algorithm for
Pmbsum—area .

max-simp

b) Difference Area Measure.: For a simplified path () of
a given path P the value of diff-area measure for Prob?r'lgf)f;ﬁ?lp
is maximum values of |A4(Q) — Ap(Q)| of all edges of Q.
This measure is defined as sum |A 4(Q)— Ap(Q)] values of all
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edges of @ for Probdllfrfl'asrlilp. This measure has applications
in map boundary simplifications where A4(Q) and Ap(Q)]
areas are exchangeable [1].

¢) Our results.: In this paper, we present two algorithms
for path simplification under diff-area measure which work
on general paths. First, we present a method for finding error
of all n? possible simplification links in O(n?) time. Having
this result, the Pro b%gfxa;erﬁp is solved in O(n?) time using
the general DAG approach of Imai and Iri [12]. Then, we
present an O(n2k? /) time algorithm for Propdiff-area ypich

sum- ﬂmp
is based on dynamic programming techniques.

o

. AQ

II. SIMPLIFICATION ALGORITHMS

In this section, we first present an algorithm for computation
of errors of links in O(n?) time.
Iri’s approach for solving min-k for Propdiitarea = ginay
pp g max-simp* ¥

we emiploy dynamic programming for solving min-§ for
Pro bdlf area
sum- 51mp

mL s [ T R |
1nen, we usc l1madl and

A. Computing the links errors

This process can be done in O(n?) using a naive algorithm.
There are O(n?) possible links for which the unified error
must be computed. Computation of Errorg;f¢—areq(pip;) can
be done in O(j — i) time by a linear trace on the sub-path
P(i,j). Therefore, we can do this computation for all p;p;
links in O(n?). Here, we present an O(n?) algorithm for this
computation.

There are different methods for computing the area of a
simple polygon [13], [14]. Polar formula is one of these
methods. We employ this method and show how this method
can be used for diff-area measure optimal computation.

For each edge p;p;, A(pip;) is defined as A = z(p;)y(p;) —
x(p;)y(p;) in which z(p) is = coordinate of p and y(p) is its
y. It is proved that A(p;p;) is twice the area of the triangle
having p;, p; and (0, 0) vertices [13] if p; < p; and otherwise
it is negative.

Therefore, the area of a simple polygon P = {po, p1,...,Pn}
with e; = p;p;+1 : 0 < ¢ < n and e, = p,py can be computed
using following formula:

n

AP) =153 Ales) M)

=0

An example of this computation is shown in Figure 2. We
can use this method for computation of Errorg; f r—areq (DiD;)-
Let P(4,j) = {p:, pi+1,---, p;} be a non-simple polygon. It is
clear that if this polygon is a simple one, then A(P(i,j)) =
Errory; s f—area(pipj). Next, we show that this equation is true,
in case that p;p; intersects some other edges.

Consider path p;p; in figure 3.a. In the first step, we connect
the origin to p; in a way that it does not intersect itself and
path p;p; using a sequence of points S = {so,s1,..., Pk}
We do the same for connecting p; to origin using a sequence
of points T = {tg,t1,...,t;}. In this way, we build a simple

z

Ay

Fig. 2. A = ||A1] — |A2| + |As| — | A4 + | As]|

polygon P' = {50, 51, ..., Sk; Dis Dit1, -, Pj, Lo, L1, ..., 11} and

have the following equation (See figure 3.b):

n+k+l+2

Z Alei) =@ @

In the second step, we do this computation for P” =
{ti, ti—1, ...to, Pj, Vs, Sk, Sk—1, ---, So} path(See figure 3.c):

l+k+2

ZA@= 3)

By equation 2 and 3 we have:

AP =

PI/ _

|A(P |®+T'| = |[®] + |T|
|A({s0, ..., Sk, i }) + A(P)
= +A(s0,pj,t0, -5 11)
+A({S(),tl,tl,1, ey
+A({s0,pj,pi})
+A({50, Pi> Sky Sk—15 -5
|A(P) + A({s0,pj: Pi})]

= El'l'Ol'diff—area (pza p?)

to,pj})

s1})]

Now, using the partial sum we show how error weight compu-
tation can be done in O(n?). Assume that for 0 <i < j<n
we have:

132
== A(pk, Prs1) )
k=i

[\)

Using this approach, for each starting point ¢, we can do all
the related computations of S; ; in linear time. Consequently,
the total time for computations of n? different cases of S;
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will be O(n?). On the other hand:
A(P(i, 7))
= [Si; + Alpjpi)|
Thus, for all p;p; edges, we can compute Errory; ¢ f—grea (PiD;)
in O(n?) time by having S, ; values. More complex paths can

be divided to simple parts and be solved in a similar way. From
these facts we obtain following lemma

Errora;f f—arca(PiD;)

Lemma 1 The computation of Errorq;ff—area(Q) for all n?

possible shortcuts e; ; of general path P, i,j € P, can be

7 . Ve YR ANIE
aone in U(n-) Llme.

Algorithm 1 Approx Path Simplification Algorithm
1: procedure COMPUTEAPPROXPATH(P:point-set;
n,k:integer; ~y:real)

2 for i — 2,n do

3: for s — 1,k do

4: for r — |—2k/~],[2k/v] do

5: if s =1 then

6 D[i,1,7] <0

7 if W(pi,p;) =r then

8: Dl[i,1,r] < 1

9: end if

10: else

11: tmp — 0

12: for g —2,i—1do

13: if D[g,s—1,7—wW(py,p;)] = 1 then
14: tmp — 1

15: end if

16: end for

17: Dli,s,r] < Dl[i,s — 1,7] Vimp
18: end if

19: end for

20: end for

21: end for

22: return D
23: end procedure

B. Algorithms

There is an efficient general algorithm for restricted, min-
k version of the line simplification algorithm [12]. We plug
our error function into this algorithm and solve Probggf)fsrﬁg
optimally. First, a directed acyclic graph G is built over patE
P = py,p1,...,py vertices. The min-k problem can be solved
as follows:

All edges with Errorg,eq(p;pj) > 9 are removed from the
DAG G. Remaining edges weights are set to 1. Running a
shortest path algorithm from p; to p,, returns the optimal min-
k simplification. Therefore, knowing lemma 1, we have,

Theo(;'%m 2 The optimal min-k  simplification  for
iff-area . o\ . )
Prob, . imn, can be computed in O(n®) time and O(n*)

space complexities.

(b)

Fig. 3. Errorgiff—area(pip;) is equal to |® —T'| = |z — y|

Now we use dynamic programming to find an approximation
path Q for Probg:gl'f‘srﬁﬁp. This technique has already been
employed by other authors too [1].

Let v be a given factor, H be area of convex hull P, I' =
~vH/2k, w(e) = Erroty; ; f—area(€), W(e) be |w(e)/T].

Also, let W(Q) = >_ cqw(e) and W(Q) = > .o w(e)
be for path (). We define QQqpr» to be an approximation
path that minimizes |W(Quprz)| and Qopim to be a path
that minimizes |W (Qopim )| As it is easy to show that for
any approximation path (Q), ||[W(Q)| — T|W(Q)|| < kT,
we omit it. Using this fact we can argue that |W(Qupra)| <
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|W(Qoptm)| +~H.

The only thing that remains is to show how dynamic
programming works. We use algorithm 1 for computing ap-
proximation path ) with at most k£ points and weight at most
~vH bigger than the optimal for diff-area. Algorithm returns
matrix D. Construction of approximation path will be easy
using this matrix. Clearly, running time of this algorithm is
O(n?k?/~). We conclude all this in following theorem,

, diff-area .
Theorem 3 The min-§ for Pmbsum—simp and given path

P and parameter ~, can be computed approximately in
O(n?k?/~) time and O(nk? /~y) space complexities with error
cost YH larger than the optimal, where H is convex hull of
path P.

ITI. CONCLUSION

In this paper, we studied the restricted version of path
simplification problem under diff-area measure. Previous re-
sults of this problem only worked on z-monotone paths. We

have presented optimal algorithm for min-£ for Probggf)fsrﬁ%p

and approximation algorithm for min-§ for Probgzlilf'irfrgp.

In comparison to current solutions, our algorithms can be
used to simplify general paths while keeping the time and
space complexities the same as previous methods. It would
be interesting to see if better results are possible in the latter
case.
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