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SUMMARY

The singular sources method is given to detect the shape of a thin infinitely cylindrical obstacle from a
knowledge of the TM-polarized scattered electromagnetic field in large distance. The basic idea is based
on the singular behaviour of the scattered field of the incident point source on the cross-section of the
cylinder. We assume that the scatterer is a perfect conductor which is possibly coated by a material and
investigate two models with different boundary conditions. Also we give a uniqueness proof for the shape
reconstruction. Copyright © 2006 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Inverse scattering problems have been used to determine the scattering obstacle from a knowledge of
the scattered wave at large distance. In some problems, the scatterer is a thin infinitely cylindrical
conductor. We consider that the incident electric field is polarized in TM mode. This case is
modelled by the Helmholtz equation defined in the exterior of an open arc in R%. We will encounter
two model cases with respect to the kind of obstacle. If the obstacle is a perfect conductor then the
boundary condition on the open arc is Dirichlet, but if it is coated on one side by some material
then it leads to a mixed boundary condition model.

In order to reconstruct the shape of the open arc, Kress used a Newton’s method for a perfect
conductor by a priori information that the scatterer is an open arc [1]. In [2], the authors applied
the factorization method to reconstruct the shape without any a priori information. Also, the other
advantage of this approach over Newton’s method is that it is not necessary to solve a forward
problem at each step of an iterative process. These two methods are not applicable to cracks with
mixed boundary conditions. Cakoni and Colton [3] used the linear sampling method for both the
cases, Dirichlet and mixed boundary condition.
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1122 M. FOTOUHI

In this paper we develop the singular sources method to reconstruct the shape of the open arc.
This method is proposed by Potthast [4], and is used in several models with inverse scattering
problem [5, 6]. The singular sources method is able to reconstruct obstacles without any a priori
information about the boundary condition. The basic idea of the method is based on the singular
behaviour of the scattered field of the incident point source on the boundary of the obstacle. This
means that if ®°(., z) denote this scattered field and z tends to the boundary then

|D°(z, 2)| —> o0

This behaviour shows that the boundary of the obstacle is the set of points where the scattered
field ®°(z, z) becomes singular. We will show that this approach is applicable for a thin cylindrical
obstacle. In order to apply the singular sources method we need to estimate ®°(z, z) from the
knowledge of the far-field pattern, u°°(x, d), which is derived by the mixed reciprocity relation
and backprojection operator.

In Section 2, the direct scattering problem is considered and a theorem related to the mixed
reciprocity relation is proved. We show the singular behaviour of the scattered field ®°(z, z) in
Section 3. We will prove the uniqueness of the shape reconstruction in this section, too. Finally
in Section 3, we will apply the singular sources method to reconstruct the shape of the crack.

2. SCATTERING PROBLEMS

Let I C R? be an oriented smooth curve. We denote the right-hand side of I" with respect to the
chosen orientation by I'" and the left-hand side by I'". There is an unit normal vector, v, pointing
to the side of I'", and it is defined everywhere except in a finite number of points on I.

The scattering of time-harmonic electromagnetic plane waves from a thin infinitely long cylin-
drical perfect conductor with the electromagnetic field E-polarized leads to the following problem:

Au+Kku=0 in R\

ux=0 on r+

6]

where ug (x) = limj_,o+ u(x £ hv) for x €I, and k>0 is the wave number. The solution,
ue HILC(RZ\F ), is the total field and decomposed u = u' + u*, into the given incident field «', and
the scattered field %, which is required to satisfy Sommerfield radiation condition

lim ﬁ("i _ ikus> —0 @)

r—00 or

uniformly in all directions X :=x/|x|, with r = |x|.
If one side of the thin cylindrical obstacle is coated by a material with surface impedance >0,
we obtain the following mixed crack problem for the total field u = u' + u®:

Au+K?u=0 in R*\I'

u_=0 onI™
ou .
“t tikiuy =0 onT™ 3)
ov
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THE SINGULAR SOURCES METHOD FOR CRACKS 1123

where (Ouy/0v)(x) = limj,_,o+ v-Vu(x + hv), and u® satisfies the Sommerfield radiation
condition (2). Here, the surface impedance A is a smooth real non-negative function and 1 € L*°(I).

In [3], it is shown that for every arbitrary incident wave u', both problems (1) and (3) with
radiation condition (2), have a unique solution. The radiation condition (2) in both the models
implies an asymptotic behaviour of the scattered wave

ikr
ﬁ

uniformly in all direction X = x/|x|, where r = | x|, see [7]. The amplitude factor u°° is known as
the far-field pattern of the scattered wave, u®. If we consider a plane incident wave ui(x, d)= elkx 'd,
in the direction d, with |d| =1, then its scattered field and far field are denoted by u®(x, d) and
u®(x, d), respectively.

The fundamental solution of Helmholtz equation is given by

() = —= uX @) +or~?) “

i
D(x, y)=ZH(§”<k|x — D)

where Hél) denotes the Hankel function of the first kind of order zero [7]. Consider the point source
d(.,z2), z€ RZ\F, its scattered wave is denoted by ®°(., 7). This means that ®*(., z) satisfies the
Helmholtz equation in [Rz\l" with condition (2). Also, ®°(., z) + ®(., z) satisfies the boundary
condition in the problem (1) or (3). We also denote the far-field pattern of ®°(., z) by ®*°(x, z).

In order to investigate inverse problem in the next section, we need to recall the definition of
the following Sobolev spaces. First, we extend the arc I', to an arbitrary piecewise smooth, closed
curve 0D enclosed in a bounded domain D, such that the normal vector v on I" coincides with
the outward normal vector on dD. If H'(D) denotes the usual Sobolev space and H'/2(0D) its
usual trace space, then we define

H'2(I) = {ulr : u e H/*@D))

H'*(D):={ue H'*@D) : suppu C T}
H™V2():= (H'2(I))*  the dual space of H'/2(I')
H™'2(I) := (H'(I"))* the dual space of H'/*(T')

Also, we define [u]:=u4 —u_ and [0u/0v] := Ouy /0v — Ou_/0v, the jump of u and du/0v across
I', respectively. It is clear that if u is the solution of (1) or (3) then [u] =[du/0v] =0 on dD\I.

In order to determine I" and A, we will use the singular sources method. This method is based
on the mixed reciprocity relation, relating the scattered field u® on the exterior of the scatterer to
the far-field distribution of the fundamental solution ®(., z) due to a point source z € R2\r. In
[6], this relation has been proved for hard and soft obstacles. We will prove the mixed reciprocity
relation for cracks in the following theorem.

Theorem 1 (Mixed reciprocity relation)
For the scattering of the plane waves u'(., d), d € Q and the point sources O(., z), z € IREZ\F, from
a crack scatterer I' in both model (1) or (3), we have

cin/4
D (—d, z) = u'(z,d), zeR\T, deQ
87k
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1124 M. FOTOUHI

Proof
First of all note that by the Green representation formula, the scattered wave u®(z, d) is equal to

l / ui(y,d)a(gv(f’)y)—a”gv((y’)d)m(z,y)ds(y), zeRA\D
oD y y
u*(z,d)= 5
0D, y)  ub(y,d)
_ 8 [0))
/w w0 d) S D S SR ) s, ze D

where 0D is an extension of I' to a closed curve. Since u®(.,d) and ®(z,.) are solutions of
Helmholtz equation in D, when z € R*\D, so

. 0D(z,y) oul(y,d)
7d -
/ =0 D=5 M)

Also, u®(.,d) and @(z, .) are radiation solutions of Helmholtz equation in Rz\ﬁ, when
z€ D, then

O(z, y)ds(y) =0 (6)

0D(z, ous (y,d
/ sy ) 0D g a5y =0 @

o T a0 v (y)

By considering relations (5)—(7), we conclude that in both the cases z € D or z € R*\ D the following
relation is true:

0D(z, ous(y,d
uS<z,d)=ﬁD[uS<y,d)] @) —[ u (. d)

ov(y) av(y)
Note that if u®(., d) is smooth away from I, then [u®]=[0u®/0v]=0 on 0D\I, also we have

[°] = [u] and [Ou®/0v] = [Ou/0v], where u(. , d) denotes the total field with respect to the incident
plane wave of direction d, therefore

] O(z, y)ds(y)

0d(z, ou(y,d
uS(z,d>=/F[u<y,d>] ) —[ w4

ov(y) ov(y)

On the other hand, if we substitute ®*(x, z) instead of u°(z, d) in (5) and let |x| —> oo, then we
imply that the far field @ (%, z) for every z € R”\I" and % € Q is equal to

} D(z, y)ds(y) (3)

. ein/4 e k&Y oS UV, 2) _ien
D%, 2) = = /. D% (v, 2) o) 6—:)(y) e Y ds(y) )
A/ ST D

Also, we know that u’(., d) and ®°(., z) are radiation solutions of Helmholtz equation in Rz\ﬁ,
then we have

ou’ (y,d oDs (v,
/ @y, 20 D I D s g4y =0 (10)
oD ov(y) av(y)
It follows from (9) and (10) with —d replaced by x, that
e/ ‘ duy(y,d) 0D (y,2)
O°(—d,5)=——= | D(y,2) — - —F ut(y, d)ds(y) (11)
Sk Jop T v(y) gy
Copyright © 2006 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2007; 30:1121-1134

DOI: 10.1002/mma
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Moreover u(. , d) and ®°(., z) are solutions of Helmholtz equation in D, then from Green’s theorem
we conclude that

ou_(y,d) 09 (y,z)
o (y, -
/ -0 975 v y)

Thus, from (11) and (12), we obtain

u—(y,d)ds(y)=0 (12)

in/4 ouy(y,d) 0D (y,2)
O°(—d, 7) = D5 (v, — ,d
(=d.2)= = aDI +DTH 0 vy O
. ou_(y,d) 09 (y,2z)
-0 (y,2) 0y »0) u_(y, d)} ds(y)

Now note that the jump of u(., d), ®°(., z) and their derivatives are zero across 0D\I', then

N s duy(y,d) 0D (y,2)
O™ (x, 2) = «/ﬁ . {(I)+(y, z) ) - ) us(y,d)
S ou—_(y,d)  0PL(y,2)
-0 (y,2) 0O) 0y u_(y, d)} ds(y)

Now consider the boundary conditions in Dirichlet case (1), we have
ur(,dy=u_(.,d)=0 onI’
Qi(,0)=0L(,0)=-®(,z) onT

Therefore,

in/4
(DOO(_d’Z): € (D( , )[au(yvd)

8k Jr av(y)

According to relation (8) and relation [#] =0, on I' in the Dirichlet case, the theorem will be
proved in this case. Similarly in the mixed boundary condition (3), we have

] ds(y)

o
u_ =0, %Jriuu:o on T
v
0P’ )
Ol = —@, E ik === —iki® onl
v vV

and these relations imply that

eln/4 oD(y, 7) ou(y, d)
O*(—d, z)= /[u(y,d)] — — [ ’ }(D(y, z)ds(y)
V8nk Jr () ()
which is equal to relation (8). O
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3. INVERSE SCATTERING

The inverse scattering problem in this model is to determine the shape of the arc from the far-field
pattern, u°°(x, d) for all observation directions, X € Q and all incident directions, d € Q. In [3],
the linear sampling method is used to recover the arc, I'. This method is applicable without any
a priori knowledge of the kind of scattering model, i.e. we do not need to know if the scatterer is
an open arc or an non-empty interior obstacle sound-soft or hard-soft.

In this section we develop the singular sources method to reconstruct the shape of the open
arc. This method is used in [6] to reconstruct the shape of an non-empty interior scatterer without
knowing the boundary condition or physical properties of the scatterer, in the cases of soft obstacle,
hard obstacle and inhomogeneous medium scattering. In this method we use the field ®°(z, z) to
reconstruct the shape of the scattering object. The arc, I', is found to be the set of points where
®%(z, z) becomes singular. First, we prove the following lemma which is necessary for investigation
of singular behaviour of ®*(z, z) on I

Lemma 2
If DC [RRZ, is an open set then there exist constants 7, c>0, such that

1OC, DI125p) < €lnd(z, D)

2

<c|lnd(z, D)|

H 0D(., 2)
H-1/2(0D)

ov

for every z ¢ D, which satisfies 0<d(z, D)<T.

Proof
For every z € RZ\E, ®(., z) satisfies the Helmholtz equation in D, then from Theorem 3.37 and
Lemma 4.3 in [8], we conclude

00(., 2)

o SCIPC, Dl g1y

H~1/2(6D)

|D(., Z)”H]/Z(GD)’ H

On the other hand Lemma 2 in [5] estimates the norm of ®(., z) on D for every z ¢ D, which
satisfies 0<d(z, D)<t

10, 2131, < cllnd(z, D)| O

Now we investigate the behaviour of ®°(z, z) when z tends to the arc, I', in the following
theorem.

Theorem 3
Let ®°(., z) be the scattering field of the point-source ®(.,z) by an open arc, I'. In both the
models, Dirichlet and mixed boundary condition, we have

lim |®%(z, 2)| =00
z—>z*
for every z* €T

Copyright © 2006 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2007; 30:1121-1134
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Proof
We consider the theorem in two cases, Dirichlet and mixed boundary condition.

Case 1—Dirichlet model. Suppose that z approaches to z* € I'. Let D be a bounded domain such
that I" is a part of 0D and z ¢ D. Now consider u(., z) to be the radiating solution of Helmholtz
equation

Au+k*u=0 in R2\D
u=-—®(.,z) ondD

In fact u(., z) is the scattered wave of point source ®(., z) with respect to the obstacle D. Then
by Theorem 2.1.15 in [6], we conclude that for every z near D

lu(z, z)| = cllnd(z, D)| (13)

Now let w(.,z) =®%(., z) —u(., z), then w(., z) satisfies the Helmholtz equation in RZ\E, with
the boundary condition

w(.,z)=0 onT

We show that for z near D, the rate of growth of w(z, z) is less than the rate of growth of
|Ind(z, D)|. That is

lw(z, 2)| < cy/|Ind(z, D)|

In order to see this estimate, let G; and G, be two neighbourhoods of z*, with G € Gy and
G>N D CT. Then note that I' is smooth and w(.,z)=0¢€ H>?(G,NT), thus theorem of
regularity of the solution up to the boundary in [8] implies that w(., z) € H*(Q;), and

lw(., Dl g2 < CUWC, D g1y + Iwl, Dl gsrGynn) < Clwl, Dl g1q,)
where Q; = G;\D. Hence, by the definition of w(., z), we have

lw., Dl g2, < CUAD . Dl giay + 1t D@,

Now note that the estimation of the radiation solution of Helmholtz equation from the boundary
values for a crack scattering, Theorem 2.4 in [3] implies that

1D, D)l 10y < CIDC, Dl g2y
Also, if u(., z) is a radiating solution of Helmholtz equation in [RZ\D, then
., D) 1,y < CNOC, D iy
Therefore, according to Lemma 2, we imply that
lw(.. D2, < Cy1Ind(z, D))

for every z near D. On the other hand, the imbedding theorem implies that w(., z) is a Holder
continuous function and

lw(x, 2) < Cllw(. Dl 2y

Copyright © 2006 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2007; 30:1121-1134
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1128 M. FOTOUHI

for every x € Q. Therefore,
lw(z, )| < cy/|Ind(z, D)| (14)

for every z € Q). By considering (13) and (14) the proof of theorem is complete in this case.

Case 2—Mixed boundary condition. Let z approach to z* € I' and extend I' to 6D similar to the
previous case. If z approaches from left-hand side of I' then we consider Helmholtz equation in
R?\D with Dirichlet boundary condition. The proof of the first case works in this situation. Thus,
we assume that z approaches to z* from the right-hand side of I". Now let u(., z) be the radiating
solution of Helmholtz equation

Au+ku=0 in R2\D
0 o0(.

W ikau=—2209 (.2 onoD
ov ov

Similar to the ﬁrit case, consider w(.,z) =®%(., z) —u(., z), then w(., z) satisfies the Helmholtz
equation in [REZ\D, with the boundary condition

ow ..
— +ikiw=0 onT
ov

We claim that u and w satisfy the following estimations:

lw(z, 2)| < ¢+v/|Ind(z, D)|

lu(z,2)| = c|lnd(z, D)|

In order to see them, let v be the radiating solution of Helmholtz equation with the following
boundary condition:

6_11 =ikA on 0D
ov

Then w =e’w satisfies
Aw; + kK*wi=f in R:\D

owq
—=0 r
> on

where f =e"(wVv - Vv+2Vv - Vw—k?vw). Now similar to the first case, by theorem of regularity
of the solution upto the boundary in the neighbourhood of z*, we conclude that w; € H 2(Ql ), and
we have

owq

lwill g2, <€ (nwlnm@z) = HW

+ ||f||L2(Qz)>

H1/2(G,NT)

Now since v is bounded on €», then
I f 2, < Cllwll g1(q,)

Copyright © 2006 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2007; 30:1121-1134
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and

lwill g1y < Cllwlligiq,)
Thus,

lwill g2, < Cllwligiqy)
Also, we have w =e "w;, then

lwllz2) < Cllwillp2q) < Cllwligg,)

and so

”w”H?(Ql) <C(@°C., Z)||Hl(92) + [lu(., Z)”HI(QZ))

According to Theorem 2.5 in [3], we have

+ ikAD(., 2)

H1/2(r‘)>

H-1/2(0D)

H 00(., 2)
ov

19°C. Dl g1, < C <||(D(- s 2@y +

Hl/Z(r))

00(.,2)
ov

<C <||(D(.,Z)”H1/2(F) + H

Also u(., z) satisfies the following estimate:

00(., 2)

T ikJD(., 2)
ov

lu(., Dlgrq, < C H

00(., 2)
ov

< C (”(D( s Z)”Hl/z(ﬁD) + ”

H1/2(aD)>

Therefore by Lemma 2, we have
lwll g2y < c/lInd(z, D)|
and by imbedding theorem we conclude that
lw(z, 2)| <cy/|Ind(z, D)
for every z near I'. It remains to show that
lu(z, 2)| = c|Ind(z, D)|

for every z near to I'. Similar to the above, we change u to # =e’u. Now we can write it = u | +us,
where u is the radiating solution of

Auy + k*uy =0 in R\D
ou 0Eevd(., z
v v
Copyright © 2006 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2007; 30:1121-1134
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and u; satisfies in the following equation:
Aur + K*ur = f in R2\D

ouy .

E—O on 0D

Similar to the above, we can get

luall 22y < ClLF 20y < Cllull gy < c/Ind(z, D]
Thus,

C
<—
luz(z, 2)| 4. D)1/

By considering the boundedness of e’ in a neighbourhood of D, the proof will be complete if we
show that

lu1(z, z)| = c|Ilnd(z, D)|
This estimate follows from Lemma 4 in [5]. O

Before we begin to consider the shape reconstruction problem, we investigate the uniqueness
of the reconstruction. In the following theorem we show the uniqueness of the reconstruction of
the arc, I', which has used the singular behaviour of ®°(z, z).

Theorem 4

Assume that I'y and I'; are two open arc obstacles such that their far-field patterns u{°(X, d) and
u3°(x, d) coincide for all X, d € Q. Then I'; =T, and their boundary conditions are similar. Also,
if I'y and I'; satisfy in the mixed boundary condition model then 4; = 4.

Proof
Let G be the unbounded component of [R{z\(rl UTI»). From

ui®(x,dy=u5°(x,d) forall x, deQ
and Rellich Lemma in [7], we obtain
uj(x,d)y=u5(x,d) forallxeG, deQ (15)
Thus, by Theorem 1 we have
O (X,2) =D (x,z) forallxe€Q, zeG
Again, we can use Rellich Lemma to achieve the following relation:
Dj(x,z)=D5(x,z) forallx,zeG (16)

If T'y #1I;, then without loss of generality we can assume that there exists zg € [';\I';. Thus,
Theorem 3 implies that

00>®5(z0,20)= lim ®5(z,z)= lim ®j(z,2)=00
7—>20,2€G 7—>20,2€G
Copyright © 2006 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2007; 30:1121-1134
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This contradiction shows that I'y =I">. From relation (15), we conclude that traces of uj (x, d)
and ug(x, d) are equal on I'y =I". Thus, the boundary conditions of the obstacles I'; and I'; are
similar. Also, by equality of the scattered waves uj(x,d) and u5(x, d), we conclude 4; =/ in
the mixed boundary condition model. O

Now we apply the singular sources method to reconstruct the shape of the obstacle. According
to Theorem 3 the arc, I, is the set of points where ®*(z, z) is large. In order to determine this set
we should calculate ®°(z, z) from the far-field pattern u®°(x, d).

Suppose we know by a priori information that I' C B, where B is a bounded domain. For every
z€B, let G=G(z) be a smooth region which does not have Dirichlet eigenvalue —k>, z ¢ G,
I' € G C B and the exterior of G is connected, where k is the wave number. For every ¢, there is
g € L*(Q) such that

IDC., 2) — vgll 206y <€

where vg(x) 1= ng(d)eik"'d ds(d) is a Herglotz wave (see Lemma 3.1.2 in [6]). Now note that
the functions v, and ®(., z) are the solutions of Helmholtz equation in G, hence

[P, 2) — vell g1y S 1€
Therefore, for every z and 7, there exists g:(z,.) € LZ(Q) such that
1D(., 2) — v, ll g1y < T
If we consider the trace of ®(., z) and vg, on I', from Theorem 3.37 in [8], we see that
[P, 2) = ve g1y S 2l R, 2) — Vel g1y S 2t

where ¢; is a constant which depends only on I'. Also from Lemma 4.3 in [8], we have

<t

0 0
Lo, -2
” ov (. 2) oy

H—1/2(r)

Therefore, for every 7>0 and z € B\I" in both models with Dirichlet and mixed boundary condition,
there is g:(z, .) € L?(Q) such that

[D°C., 2) _U;HHI(B\]")<CT (17)
and
0., 2) — vfg’flle(g) <Cr (18)

where C depends only on I" and B, while v, and vg? are the scattered field and the far field with
respect to the Herglotz wave v, .

Let I'y ={zeR"|d(z, ') < p}. Then according to the regularity of the solution of elliptic
equation and relation (17) we conclude that for every x € B\I',

19°C.. 2) = vy 2,00 S CLIRYC, 2) — Vg Il 1B,y < C1CT

Copyright © 2006 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2007; 30:1121-1134
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where B, is a ball with centre in x and radius p, moreover C; depends on p. Also the imbedding
theorem and the above result imply that ®%(., z) — Vg, is a Holder continuous function on B, and
we have

|D°(x, 2) — UZ,T(X)| <G| D°(., 2) — Uz, ”HZ(B,,(x)) S GC1Ct=Cpt (19)

where C,, depends only on p, B and I'.
On the other hand, we know that

5.0 = [ gDt d st 20)
for every x € R™\I'. Moreover,
Vor (X) = / gc(z, )u™ (%, d)ds(d) (2D
Q

for every x € Q. Thus, from (19), (20) and Theorem 1 we have

‘d)s(x,z) L /Q ¢e(z, YO (=, x) ds(d)

m

<Cpt
Now from (18) and (21) we conclude that there is g,(x, .) such that

”cbw(.,x)—/an(x,c?)u“(.,j)ds(d)

<Cn
L2(Q)

Thus,

‘ / gf(z,d){m""(—d,x)— / gn<x,c?)u°°(—d,c7>ds<c7>}ds(d)‘
Q Q

< g (z, -)||L2(Q)~||q)oo(- ,X) — U;:;”L?(Q) S Onlige(z, Iz

Therefore, for every x, z € B\I';, we have

1 - ~ ~ c
’d)s(x,z) T /Q/g;gn(x,d)gr(z,d)uoo(—d,d) ds(d) ds(d)‘ <Cpt+ y—nllgr(z, M2

m

Now we formulate the previous calculations and results in the following theorem. In order to do
this we define the backprojection operator, Q as

1 ~ ~ ~
(Quw)(x, 2) :=y—fQ/an(x,d)gf(z,d)um(—d,d)dS(d)dS(d)
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Theorem 5
Let I' be a crack obstacle then there are kernels g; and g, for every t and # such that

C
(2, 2) — (Qu™)(z, 2)| < Cpt + y—”ugf(z, e
m

for every z € Rz\Fp, moreover C and C, are constants.

Remark 1

For an appropriate choice of t and # the above error can be made arbitrarily small. In fact for
given 7>0, we can choose # such that 5(/g:(z, )|l .2(q) becomes sufficiently small. Now if 1 — 0,
and 5(t) — 0, then the error tends to zero.

Remark 2

In order to apply this method, we need to choose the region G(z) with the property I' C G(z), but
this seems impossible when I" is unknown. In order to take care of this trouble, we start with a
number of fixed directions py, ..., pgs which divided the plane into eight symmetric regions. For

. . . . . . 180 . .
every direction p;, we choose a special region G;(z) and compute @; '(z) as an approximation
®%(z, z) using the operator Q, where Q is depending on G;(z). We can obtain a first approximation
I' as the set

I':={zeB: |al.(1)(z)|>C fori=1,...,8}

In each further step, we adapt the choice G(z) according to the reconstruction I';, of the nth step,
I';, C G(2), and repeat the procedure to obtain the (n + 1)th approximation I',,4 .

Remark 3
We estimate ®*(z, z) from the far field, u®> by the operator Q, and if the far field is measured
with some noise and there is u§° an approximation of 4> such that

14 = ull 12 axq) < 0

then the error for the approximation of ®°(z, z) by (Qu$)(z, 2) is estimated by

|D*(z, 2) — (Qu)(z, 2)| < [D°(z,2) — (Qu™)(z, 2)| + QW™ — u’)(z, 2)|

Cy 0
< Cpt+ V—”gr(Z, -)||L2(Q) + y—”gr(L ')”LZ(Q)”gn(Za -)||L2(Q)

m m

Therefore, the ill-posedness of the reconstruction of I' is mainly influenced by the norm of the
densities g; and g,.
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