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Abstract

In this paper, the numerical errors associated with the finite difference solutions of two-dimensional advection—dispersion equa-
tion with linear sorption are obtained from a Taylor analysis and are removed from numerical solution. The error expressions are
based on a general form of the corresponding difference equation. The variation of these numerical truncation errors is presented as
a function of Peclet and Courant numbers in X and Y direction, a Sink/Source dimensionless number and new form of Peclet and
Courant numbers in X-Y plane. It is shown that the Crank—Nicolson method is the most accurate scheme based on the truncation
error analysis. The effects of these truncation errors on the numerical solution of a two-dimensional advection—dispersion equation
with a first-order reaction or degradation are demonstrated by comparison with an analytical solution for predicting contaminant
plume distribution in uniform flow field. Considering computational efficiency, an alternating direction implicit method is used for
the numerical solution of governing equation. The results show that removing these errors improves numerical result and reduces

differences between numerical and analytical solution.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Groundwater quality varies due to the chemical, geo-
chemical, and biochemical reactions of the pollutants in
the subsurface flow systems. To reliably predict the fate
of contaminant transport in groundwater, an accurate
numerical modeling is required.

There are many numerical investigations of advection—
dispersion equation (transport equation). However, a few
studies have been devoted to the more general advection—
dispersion-reaction equation (ADRE). The numerical
solution of ADRE has its complexity because of the reac-
tion term. The reaction term accounts for degradation or
adsorption, this term can cause numerical instability
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problems. Ongoing research effort in this area reflects dif-
ficulty in solving the ADE by numerical methods for the
cases such as advection-dominated problems, where the
hyperbolic behavior of this equation is problematic espe-
cially in multi-dimensional ADE [1,2]. Also the solution
of the transport equation (for advection-dominated prob-
lems), by many standard numerical procedures is plagued
to some degree by two types of numerical problems. The
first type is numerical dispersion due to the discretization
of the governing equation. The second type of numerical
problem is artificial oscillation [3].

Several approaches have been developed to improve
the numerical accuracy. Among the numerical methods
for solving ADRE, finite difference method (FDM)
seems to be more popular for the ease of implementation
and their relative simplicity [4-7]. However, finite
element method (FEM) can easier handle complex
geometries. There have been extensive debates as to


mailto:ataie@sharif.edu
mailto:hoseyni@ mehr.sharif.edu
mailto:hoseyni@ mehr.sharif.edu

794 B. Ataie-Ashtiani, S.A. Hosseini | Advances in Water Resources 28 (2005) 793-806

Nomenclature
C solute concentrations [M L™
Co solute concentration in injected fluid [M L]

Cr.. principal-term of Courant number [-]
principal-term of Courant number [-]
Cry,  cross-term of Courant number [-]
ex principal-term  of dispersion
LT
Ly principal-term
LT ]

D coeflicient
D
D,, cross-term of dispersion coefficient [L>T ']
D
D
D

of dispersion coefficient

numxx principal-term of numerical dispersion coeffi-
cient [L>T™!]

humyy Principal-term of numerical dispersion coeffi-
cient [L*T ']

numxy Cross-term of numerical dispersion coefficient

[L*T ]
erfc complimentary error function [-]
exp exponential [-]
k first-order reaction rate coefficient [T ']

koum ~ numerical first-order reaction rate coefficient
[T

Pe,.  principal-term of Peclet number [-]

Pe,,  cross-term of Peclet number []

Pe,,  principal-term of Peclet number []

Sr Sink/Source number [-]

t time [T]

v uniform flow velocity [LT™']

Uy velocity component in X direction [LT ']

vy, velocity component in Y direction [LT ']

Unumx Numerical velocity component in X direction
[LT]

Unumy Numerical velocity component in Y direction
[LT]

Ax length increment in X direction [L]

Ay length increment in Y direction [L]

At time increment [T]

> summation [-]

o spatial weighting parameter in i direction [-]

whether FEM or FDM is preferable in groundwater
modeling [11]. Some investigations showed that FDM
introduces larger numerical errors than FEM [1,8-10].

Mixed Eulerian—Lagrangian methods are among the
approaches that are used for eliminating numerical dis-
persion. MT3D code applies a mixed Eulerian-Lagrang-
ian approach to solve the ADRE. This approach
combines the strength of the method of characteristic to
eliminate the numerical dispersion and the computational
efficiency of the modified method of characteristics [3,12].

High-order finite difference methods are techniques
that are used for a better accuracy and to eliminate
the numerical dispersion [13-15]. Total-variation-dimin-
ishing (TVD) methods can be placed in this category. A
large number of TVD schemes for solving advective
transport equation can be found in the literature [11].
In spite of the promising performance of the high-order
numerical methods, these schemes have their difficulties
for programming and code implementing.

Although there are many studies that have applied
FDM for two-dimensional ADE [7,11,16-18], the
authors are not aware of any work on the truncation
errors analysis of the FDM for the two-dimensional
ADRE, except the recent work of the authors about ex-
plicit FDM [19].

Approximating differential equations in finite differ-
ence models by discretization introduces numerical errors
(truncation error). In the case of transport equations like
the advection—dispersion equation, numerical dispersion
is a well-known consequence of truncation error [3,11,
20,21]. Lantz [20] and Chaudhari [21] quantified numeri-
cal dispersion as a second-order error through examina-

tion of the truncated Taylor series approximation of an
explicit FD solution of one-dimensional ADE. The effect
of numerical dispersion has been considered in numerical
studies by many researchers [1,22-27]. Notodarmojo
et al. [24] presented a numerical model for phosphorus
transport in soils and ground water with two-consecutive
reactions. The model uses an explicit FD scheme and
takes into account the influence of numerical dispersion
although the effects of zero- and first-order truncation er-
rors are neglected. Noye et al. discussed on the modified
equivalent partial differential equation (MEPDE) trunca-
tion errors and estimated the accuracy of FDMs based on
artificial damping and phase shifting property. They also
compared amplitude response and relative wave speed
obtained in a series form using the coefficients of MEPDE
to examine the accuracy of different FDMs [26,27].

The numerical dispersion is the only truncation error
for the case of advection—dispersion equation. However
for the more general transport equation (e.g., with
reaction) other truncation errors are also introduced
[4,19,28,29].

The primary objectives of this paper are to analysis
the errors of the general form of FDM for two-
dimensional ADRE. Errors are expressed in the form
of dimensionless numbers. These truncation errors are
compared for different schemes with respect to dimen-
sionless numbers. In the end, it has been shown that
removing these numerical errors improves the results
of FD solution of ADRE and leads to a more accurate
numerical solution. Consideration computational effi-
ciency, an alternating direction implicit (ADI) method
is used. ADI method has a second-order accuracy and
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is unconditionally stable. Therefore this technique is
commonly used to solve two-dimensional ADE [7].

2. Finite difference approximation of ADRE

The two-dimensional advection—dispersion equation
with a first-order reaction or degradation is written as
[3,11]:

oC o’C o’C o*C o*C
67_Dx"aTZ’LD“yaxay+D”ayax+Dyy672
oC oC
e —p,— — 1
g U % kC, (la)

where C is dissolved concentration [M L™, 7 is time [T],
k 1s first-order reaction rate coeflicient [T*I], D, D,,
are principal-terms of dispersion coefficient [L>T],
D,,, D,, are cross-terms of dispersion coefficient
[L2 T*I], and v,, v, are velocity component in X and ¥
directions [L T™']. The equation is for the cases of negli-
gible spatial variability of the dispersion coefficient and
velocity components and in these cases D,, and D), are
equal, so simplified form of Eq. (1a) is presented [3,11]:

oC o’C o’C c oc oC

-D oo 4D,y
T e T % Yy

&~ Pea He

(1b)

The general form of FD approximation of Eq. (1),
using w as the temporal weighting factor and o; and
o, as the spatial weighting parameters in X and Y direc-
tions, leading to the following FD equation [4]:

m+1 n n n n
G Cop, [(1 oy S T2 Oy 2; ey
/ X2
n+1 n+1 n+1
wCiJrl:/‘_zCi,;r +Ci—l.j:|
Ax?
Cr L =20 +C
+ Dy‘: |:(1 _w) ij+1 X l; ij—1
' Y
a2 e
+w A
c -, -C - C
D.l(1=- i+1,j+1 i+1,/-1 i—1,j+1 i—1,/-1
B0 {( @) 2AxAy
+wCﬁllJ+] - C:':rll‘j—l - Ct"ljll.jﬂ + C:?:rll‘j—l
2AxAy
o, (1 _(U) (1 70(1)C?_j+0(1cy+1‘j* (] focl)Cl[l‘jfoqu‘j
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_i,_a,(l —OCI)CZ;FI +061C7I11:/— (1 —OCI)C?le‘/—OCICZ?rl
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_ (1 _w)(l —O(z)C;l‘j—FOCzCT-’_[Jr] - (l —az)Cf."/.il —{chz-lvj
Y Ay
+w(l —ocz)C;’j' +a2C}f7J1 —(1 —ocz)C’,.’j_'l —O!ZC;';]
Ay

—k[1-o)cy+ocy], 2)

where At is the time increment [T], and Ax and Ay are
the length increment [L] in X and Y directions. The
superscript n refers to time step level and the subscripts
i and j refer to the nodal number in X and Y directions.

The general form of Eq. (2) reduces to the explicit
form when the temporal weighting factor w is 0.0 and
it reduces to the fully implicit form when @ = 1.0. For
o = 0.5, the numerical method is referred to as the cen-
tral-in-time or the Crank—Nicolson scheme.

The value of «; and «, determine the type of spatial
discretization, and the most obvious choice of «; and
o, is 0.5, which is referred to as the central in space
scheme. An alternative spatial weighting scheme is
the upstream or upwind scheme with positive velocity
(vy, vy, > 0) when o; = ap = 0.0 or with negative velocity
(v, vy, < 0) when oy = o, = 1.0.

A Taylor series expansion of C about point (i,j) is
used to determine the form of the truncation errors in
two-dimensional ADRE [4,19,29]. If the same approach
is used and the third- and higher-order spatial deriva-
tives are neglected, as they are not present in the original
equation, then

oC  Ax? °C

Cly = c;].iAx§+7W+0(Ax3), (3)

. . oC Ay ¥°C
Cliy = CitjiAya—erTa—szrO(Af), (4)

. . oC Ay O°C ;
Ciarjor = Gy = Ay@ i+l 7672 iEl, TOl&)
oC A2 OC oC
=C" + Ax—+— — — Ay—

Corbmt o @ Yy

(+Ax) x (Ay) &*C AP &°C s
2 6x6y+ 2 0” +0(Ax)

+ O(AY) + O(AX*Ay) + O(AxAY?), (5a)

oC AP C
C ., =C" 4+ Ay— - oAy
i+1,/+1 [ES W + yay Yy + 2 ayz Yy + ( ) )
oC A2 C oC

=C' + A —F— —+ Ay—

WEN T T e Yy

N (£Ax) x (Ay) *C  AY? &°C

2 xdy 2 02

+ O(AY®) + O(APAy) + O(AxAY?). (5b)

+ O(AX?)

If Taylor series expansion of C at time step n + [—17 about n
time step is also used then

e I > (At/p)" "C
Ci,j - Ci,j + Zl T orm ’ (6)

where p is the interim step between two sequential steps.

The second- and higher-order temporal derivatives of
C are written in terms of spatial derivatives of C using
the differentiated form of Eq. (1), and again the
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third- and higher-order spatial derivatives (in X or Y
directions) are neglected [4,19,29]. Then in general for
m = 2:

o"C
atm

mm—1) ., ,]C
2 K00 6x2
2 0y?

62

Ox Oy

~ (—=1)" {mkm_lex +
+ (_l)m |:_mkm1Dyy +

+ (=1)"[=2mk™ ' Dy, + m(m — 1)k *v,0,] =—

D0 5 (1) )

+ (=1)"K"C. (7)
Therefore Eq. (6) is written as
MOC S (AU

i mcn 4205
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2 o2

m— m(m 1) m— az
+[—mk ‘Dyy+—2 k “} 2
62
+[=2mk" "Dy, + m(m — 1)k *v,0,] <

Oxdy
k) 5 )

i " +k C}. (8)

It is noticed that the transport parameters are

assumed constant only within each combination of time

and depth increments in finite difference calculation.

Inserting Eq. (8) in Egs. (3)—~(5) for time level n—i—‘

and neglecting the spatial derivatives of third- and
higher-order, for time level n +p we have,
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S At/p v RO°C| | (EAY) X (FAY)
o i e
’Cc A C
+= |~k
X0y p Ox0y

> At/p e
Z - kaxay}' (11)

3. Numerical solution

There are limitations for the explicit method based on
the stability criterion associated with them, so the size of
time steps cannot exceed a certain value. Due to these
limitations, the explicit scheme is not commonly used.
To overcome, the stability restrictions, in this work an
implicit numerical method is considered. Applying a
conventional implicit method causes the resulting sys-
tem of linear algebraic equations to be pentadiagonal.
Therefore for computational efficiency, an alternating
direction implicit (ADI) method is used in order to have
a tridiagonal system of linear algebraic equations. ADI
scheme includes two stages of calculation for each time
step.

The central-in-space weighting scheme for spatial dis-
cretization often leads to artificial oscillation (overshoot
or undershoot) in the numerical solution. This is espe-
cially true when a sharp concentration front is present
in advection-dominated cases [11]. The problem of arti-

oC _ vk AtAX N v Ax  vPAt
or 4 2 2

s

D, — kAtD,, —

X

K IDYx 4 (mz_ l)km—202:|

X

i(m/z) (1) +§:(At/2)m(_l)mkm

2o (m—1)!
(e

> At2"’1 ., kAt
S e

m=.

—1 2C
=) e 2]}6 {Zny—ZkAthy

2 e
Uy AL Atj2y" ' L kA o
+UU2 Z(( )1)'( 1) <1+T>[ 2k"7'D,,

At/2

+(m—1)k"v,0,] — Z

m=.

)mkm 1

) e —  (m)! A
ficial oscillation can be overcome through the use of m=2
upstream weighting. Upstream weighting tends to aggra- kA, > (At /2 Y 1 —
vate the numerical dispersion; therefore, upstream ADI - ) + Z —1)"k
method was selected for studying truncation errors. m=2
Then the simplified form of Eq. (2) at stage (1) of ADI kAt | oC szt = t’" 1
scheme for the case of o) = oy = 0.0 can be written as x(1+—- P a_ Z 1
follows: "=
Cn+1/2 C" Cn+1/2 2Cn+l/2 Cn+]/2 % (1 +k—Al‘ C (13)
i — Y i+l +Ciy 2 '
At)2 T Ax?
Cl., —2C,+Cl For stage (2) FD discretization leads to
+DW[ Ay? }
n+1/2 n+1/2 n+1/2 n+1/2 n n " "
D C,L {+1 - Cz-:—lj —Cl §+1 +C1 { 1 c' - Cffl/z B C,Llfz —-2C;; R +11§2
v 2AxAy At)2 T sz
n n " " Cn+1 72Cn+1 Cn+l
Cijl/Q_Cijlléz C Cl] . +Dyy ij+1 2 ij—1
— 0y Ar -0, Ay Ay
w12 D C?ill,m Cﬁ 111 1 CZ”.‘ gl T ClHll J—1
—kC; ;" (12) w 2AxAy
citr ot ot - ot
. . . N i—1,j ij—1 n+1
Substituting Egs. (3)—(5) for time level () and Egs. (9)- —Ux Ax y Ay —kCi;
(11) for time level (n+1/2) in Eq. (12) and by
simplifying the resulting equation for time step () gives: (14)
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Substituting Egs. (3)—(5) for time level (z + 1/2) and Egs.
(9)—(11) for time level (n + 1) in Eq. (14) and simplifying
the resulting equation for time step (n + 1/2) gives

ac kAt nAx SN (A2
E‘{D‘*_TD’” > "2 o Y

2
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(m 2 2 o (At/ Y2
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kAt At 2 oC
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m=2 ay

At Z‘ (At/2)'"* mm kAt
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4. Truncation error formulations in dimensionless form

A comparison between Eq. (13) for step (1) and Eq.
(15) for stage (2) and the original governing differential
equation shows that discretization introduces three
forms of truncation error within each solution stage.
They can be identified as a second-order truncation
error or numerical dispersion in X and Y directions,
Dpumyy and Dyymyy, and cross-term, Dyymyy. If the two
stages of ADI method is combined, Egs. (12) and (14),
numerical errors are also combined for both stages
and we have only three terms for dispersion (Dyumxx,

Dyumyy» Dnumxy), two  terms for numerical velocity

(Vnumxs Unumy) and one term for numerical reaction coef-
ficient. Truncation errors are obtained for this case.
Therefore the numerical dispersions are as follows:

SkAD..  vkAtAx v Ax v2At

Dy = — 4 4 B >
00 A m—1 _1
— Z ( t) (—l)mkn172U§ |:_ka)( + (m )vi

b SKAID, ukAAy | uAv B
numyy — 4 2 2 2

_206: (At)”kl ( )mkm 2 2|: kD _|_( _ 1)1)‘2}

—3kAtD,, + v,v, At
(At)m : mym—2
Z - 1)!( 1)"k"2[=2kD,, + (m
kAt kAt I & (A"
X (1 ++) + Z( ) (=1)"xkm!

1 o0
X [2kDy, — mu,v,] + Z

D numxy —

~ o)

X [kDy, — mo.v,]. (18)

A first-order truncation error or numerical ground water
velocity in X and Y directions, vpym, and vnym, can be
written as follows for step (1):

SkAtvv - m
Vinume = Zz St U (14)
L Ay
= E —D)"k" 1
+2m:2 (m_l)!( ) k UX) ( 9)
SkAtv, S (A" I
Vnumy 4 +; m (_1) k l)}(l + 2)
00 (Al m .
+ E —(=1)"k"v,. 20
m=2 2m+1(m - 1)'( ) o ( )

And a zero-order truncation error or numerical reaction
coefficient,

3k2At 1 & (A" - 1
Knum - 5 Z . k (l + 2m)

(21)
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Using the Peclet number, Pe, Courant number, Cr, in X
and Y directions, Sink/Source number, Sr, and introduc-
ing cross-term of Peclet and Courant numbers as
follows:

Crxx = UXAit’ (22‘1)
A
Cry = %;a (22b)
0.5
A
Crxy (UAXZQ )0 5t ’ (220)
)y
Ax
Pe,, = ”D : (23a)
A
Pe,, ”}D—y, (23b)
W
0.5 0.5
A
Pe,, = ) (Axhy) D(Ax ) (23¢)
Sr = kAt. (24)

The ratio of truncation terms to the corresponding phys-
ical terms can be expressed as a function of the dimen-

sionless numbers.
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k 4 +2; m! [(2) +Sr] (30)

As seen, the second-order truncation error or numeri-
cal dispersion has three expressions, two expressions in X,
Y directions and one cross-term expression. The second-
order truncation error is a function of Pe, Cr and Sr num-
bers. We present new numerical dispersion (Dyymyy»
cross-term numerical dispersion) that introduces new
dimensionless numbers as Pe,), and Cr,,. As seen, cross-
numerical dispersion (Dyumyy) exists even for the cases
of zero physical dispersion, similar for the directional dis-
persions. This subject is important when physical disper-
sion is small or negligible (in many numerical solutions of
contaminant transport equation in multi-dimensions,
cross-term of physical dispersion is ignored) then numer-
ical dispersion becomes a serious problem, leading to
smearing of concentration fronts, so Dpumy, should be
considered for improvement of result. The first-order
truncation error has two expressions in X and Y directions
and they are functions of Sr only. Zero-order truncation
error has only one component and it is function of Sr.

If the same approach is used for other FDM schemes,
we can formulate truncation errors in general form, for all
FD schemes in one-, two-or three-dimensional ADRE as
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] _1\" -1
Unumxi o 2(DS}" + Z |:( 1) Sr’" :| (1 + (,()Sr)
m=2

vy - (m — 1)!
= [(=1)"Sr"
> e &
kn];,m sty {(_1)”17'&1} (1+ wSr). (33)

It should be noted that term S¥”~2 in Eq. (31) has been
considered equal one, when Sr=0.0 and m =2. Also
based on the comparison between Peclet and Courant
numbers in one- and two-dimensions, we can define
these dimensionless numbers in general form as

(UXI.UXJ)OAS (AXIAXJ)OS

Pex’,xf = D ) (34)
(040,)" (A1)
Crex;, = W (35)
1 J

To use above equation, it should be noted that
parameters o;, and w for different schemes are defined
as follows:

1. explicit approximation, upstream weighting with
positive velocity (o = 0.0, o; = 0.0 with u; > 0);

2. explicit approximation, central in distance (@ = 0.0,
o= 05),

3. Crank—Nicolson approximation, upstream weighting
with positive velocity (o = 0.5, o; = 0.0);

4. Crank—Nicolson approximation, central in distance
(w=0.5, a;=0.5);

5. implicit approximation, upstream weighting with
positive velocity (w = 1.0, o; = 0.0 with u; > 0);

6. implicit approximation, central in distance (w = 0.5,
o = 05)

The variation of the ratio of numerical dispersion term
to principal-term of physical dispersion (D,um/D) versus
Srare illustrated in Fig. 1 for four discretization schemes:
(a) implicit upstream; (b) Crank—Nicolson upstream; (c)
explicit upstream; and (d) ADI upstream method. This
ratio for Dyymyy/D)y, and Dyymy,/Dy, has same behavior.
Fig. 1 is obtained based on Eq. (31). Results in Fig. 1 dem-
onstrate the variation in numerical dispersion from one
discretization to another as function of Sr for three Peclet
and Courant numbers; 1, 5, 10.

These results demonstrate that as the Pe number
increases the absolute value of numerical dispersion
increases. Increasing the Courant number leads to an in-
crease in the absolute value of numerical dispersion in
explicit and implicit upstream schemes and a decrease
in numerical dispersion for ADI method. For the case
of Crank—Nicolson scheme, the absolute value of
numerical dispersion increases in some cases and de-

creases in some others. Also numerical dispersion de-
creases as the Sr increases for explicit, implicit and
ADI schemes. Fig. 1 shows that zero numerical disper-
sion can obtained with some specific values of Sr, Pe,
and Cr, e.g. upstream explicit approximation with
Cr=1.0 and upstream Crank—Nicolson scheme with
Sr=10.2 and Cr = 10.0 have zero numerical dispersion.

From stability criteria for reaction term, Sink/Source
number (Sr) cannot be greater than 1 [11]. Also it is not
possible physically that Sr to be greater than 1, because
all concentration is removed at one step. So in Figs. 1
and 2 Sr is limited to 1.0. The stability criteria for the
advection term in explicit methods, limits the Courant
number to 1.0, therefore explicit method for Cr =5, 10
is unstable and the shown results for this case with
Cr =5, 10 are only provided for the sake of comparison
with other given results in Fig. 1.

Implicit and ADI methods show similar behavior with
respect to Sr, Pe, and Cr but ADI method has a very low
numerical dispersion under all condition in comparison
to explicit and implicit methods and its numerical disper-
sion is similar to Crank—Nicolson method.

So Crank—Nicolson and ADI methods are more
accurate than other methods. Also Crank—Nicolson
and ADI methods have a very low numerical dispersion
in comparison with other two methods even for the
advection-dominated problems (for large values of Pe
and Cr numbers). Explicit and implicit methods intro-
duce a very large value of numerical dispersion in the
vicinity of Sr=0.0. Fig. 1 shows that numerical disper-
sion for explicit method has negative value and has
positive value for implicit and ADI methods. Numerical
dispersion has both negative and positive values for
Crank—Nicolson scheme.

For a given velocity, v, and dispersion coefficient, D,
the value of the Peclet number is controlled only by the
size of grid spacing (Ax or Ay). The Courant number is
inversely proportional to the grid spacing, therefore,
reducing the grid spacing results in an increase in the
Courant number. Fig. 1 illustrates that the numerical
dispersion is more sensitive to variations of Peclet num-
ber rather than the variations of Courant number.

Eq. (32) (first-order truncation error) is described in
Fig. 2 for the same four discretization schemes (implicit,
explicit, Crank—Nicolson and ADI upstream methods).
Fig. 2 demonstrates the variation in numerical velocity.
The absolute value of numerical velocity increases
(numerical velocity has positive value for explicit method
and has negative value for implicit and ADI methods) as
the Sr increases (and reaches to 60% of actual velocity at
Sr=1.0) for explicit, implicit and ADI methods but,
comparatively Crank—Nicolson scheme does not show
any considerable changes in numerical velocity with
increasing Sr and it is approximately equal zero.

Numerical reaction coefficient, Eq. (33), is illustrated
in Fig. 3. It shows that zero-order reaction coefficient
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increases as Sr increases for explicit, implicit and
ADI schemes but, considerable changes in numerical
reaction occurs in ADI method and low changes for
Crank—Nicolson method in comparison with the other
two methods. Comparing Figs. 2 and 3 show that the
first- and zero-order truncation errors have a similar
behavior. Figs. 2 and 3 show that first- and zero-order
truncation errors can be ignored if Sink/Source number
becomes nearly zero. So if time step for numerical solu-
tion was chosen small as much as possible or reaction
coefficient was small then the first- and zero-order
truncation errors can be ignored.

As shown, there is a zero-order truncation error term
in this form of equation, K, .. Therefore, even the mass
balance of numerical solution does not maintained. As
shown, by Ataie-Ashtiani et al. [4] for the one-dimen-
sional ADRE, Crank—Nicolson scheme does not have
second-order accuracy for ADRE generally. However,
still it is a very accurate scheme considering the sec-
ond-, first-, and zero-order truncation errors.

5. Removing truncation errors

The possibility of estimating truncation errors, has
led to approaches in which a correction term equal

and opposite to numerical coefficient is added to physi-
cal coefficient [4,29]. The influence of truncation errors
on the results of the numerical solution by ADI method
is studied here. To remove the induced numerical trun-
cation errors from the upstream ADI finite difference
model, Eq. (12) is rewritten as [4,29]:

C:}rl/z _ CZj . C::rlljz . 2C271/2 + C:"jlléz
Atj2 T Ax?
+D C;l.j+1 - ZCzr'l,j + :’l‘j—l
wl Ay2
n+1/2 n+1/2 n+1/2 nt1/2
+D" i+1,j+1 Ci+1,§—l T vi-l+1 + Ci—l,j—l
w1 2AxAy
n+1/2 n+1/2
_p* Ci-j B Ci*hj
x1 A)C
Cc' —-C".
x ij ij—1 * ~nt+1/2

where marked with asterisk terms are corrected
coefficient:

*

Dxxl = Dxx - Dnumxxla
*

D ny - Dnumxyla

xyl =

*

Dyyl = Dyy - Dnumyylv
*

U1 = Ux — Unumxl,

* *
Uyl = Uy — Unumyl, k™ =k — knym.

And for step (2) we will have:

n+1 n+1/2 n+1/2 n+1/2 n+1/2
Ci.j - Ci,j —p Ci+l.j - zci.j + Ci—l,j
At/)2 w2 Ax?
n+1 n+1 n+1
+D* Ci,j+1 B 2Cz:j + Cixj—l
w2 Ay?
n+1 n+1 n+1 n
+D* i+1j+1 Ci+l,j—1 T i1+l + Ci—ltj—l
»2 2AxAy
Rt crt ot
_v* J oy iy i
x2 Ax 2 Ay
* n+1
—kcr, (37)
where
* *
Dxxz = Dxx - Dnumxe, DWQ = Dyy - Dnum)y27
* *
nyz = Dx - Dnumxy27 U = Ux — Unumx2,

* *
Uyz = Uy — Unumy2, k™ =k — knym-

The effect of zero-, first- and second-order truncation
errors on the results of ADI upstream FD scheme is
assessed by comparing the FD model results with the
analytical solution for a two-dimensional solute trans-
port case with continuous point source. A large collec-
tion of analytical solutions for solute transport is
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available in literature [30]. Solutions for one-dimen-
sional solute-transport equation for variety of boundary
and initial conditions are given in Van Genuchte and
Alves [31]. Fewer analytical solutions have been pub-
lished for the two- and three-dimensional forms of the
solute transport equation. Wexler [32] gathered analyti-
cal solutions for advective—dispersive solute-transport
equation with a variety of aquifer and solute-source con-
figurations and boundary conditions in systems having
uniform (unidirectional) ground water flow. In uniform
flow, it is possible to align an axis (say the x axis) with
the direction of the velocity vector so that: v, =u,
vy, = 0. In this case the cross-terms D, and D, are equal
to zero.

The analytical solutions of the continuous point
source problems have been presented by several authors
[32-34]. Solving the ADRE for an instantaneous point
source and then integrating the solution over the time
obtain the solution. The two-dimensional ADRE for a
continuous point source in uniform groundwater flow,
modified from Wexler [32], is given by

oC o’C dc  oC

D -~ apD o=
o PDega tPwgm — g R
+ 2 Coite~ x50y - vo) (38)

The analytical solution for Eq. (38) is given for the
following initial and boundary conditions.
Boundary conditions:

oC
= _— = = i
Cc=0, 3 0, » 00, (39a)
C=0, aa—f =0, x==o0. (39b)

Initial condition:

C=0, —co<x<oocand —oco<y< +ooatt=0,

(40)

where, v is velocity [LT™'], Q' is fluid injection rate
per unit thickness of aquifer [L>T '], n is aquifer poros-
ity [-], ¢ is Dirac delta (impulse) function, X, Y. are x
and y coordinates of point source [L], 4 is area of dis-
cretization cell at point source [L?], C is solute concen-
tration in injected fluid [M L.

The assumptions for analytical solution are

p—

. Fluid is of constant density and viscosity;

2. Flow in x-direction only, and velocity is constant;

3. Longitudinal and transverse dispersion coefficient
(Dxx, D),) are constant.

The following equation represent analytical solution
for an instantaneous point source integrated with
respect to time [33] such that:

C(x,p,1)

e ox [U(X_Xﬂ /’1
_4mt\/DxxDW P 2D, 0T

2 _ 2 _ 2
(v +k r—(x X.) 7()’ Y.)
4D, 4D, .t 4Dyt

X exXp dr,

(41)

where 7 is dummy variable of integration for the time
integral.

A square media is considered for modeling and the
parameters are given in Table 1. This problem is solved
with Ax =50.0 mm, Ay =50.0mm, and Az=20.0s.
The position of point source is X, = 0.0 mm and Y,.=
5000.0 mm. The dimensionless numbers for this problem
Pe,,, Pe.,, Pe,, Cry, Cry, Cry, and Sr are 1.67, 0.0,
0.0, 0.8, 0.0, 0.0, and 0.01, respectively.

Concentration distribution and 10 contour levels of
C/Cy (between 0.02 and 0.2) in X-Y plane are shown
in Fig. 4. As shown, the difference between numerical
and analytical solution becomes larger as getting far
from the point source to the front of plume. Two points,
A and B (Fig. 4), are considered at each side of plume
and time series of concentration for points A and B is
illustrated in Figs. 5 and 6. As seen, the predicted
numerical solution of concentration is more accurate
for the case with correction for truncation errors. If
the absolute value of errors is calculated at each node
in the domain of solution, the differences between
numerical solution with and without correction are bet-
ter understood. The total or cumulative absolute value
of errors is considered to be the summation of the abso-
lute value of differences between nodal values of the ana-
lytical and numerical solutions.

The cumulative absolute value of errors with and
without correction is shown in Fig. 7 for different times.
The cumulative absolute value of errors after 500.0 s,
without correction is 960 mg1~". This value reduces to
282 mg 1! when the correction is applied. This case
shows that the corrections for truncation errors are

Table 1

Parameter value used in ADRE

Property Units Value
Longitudinal velocity, v, mms~! 2
Transverse velocity, v, mms~' 0
Solute concentration in injected fluid, Cy mgl~! 1000
First-order reaction coefficient, k& h! 2
Longitudinal grid spacing, Ax mm 50
Transverse grid spacing, Ay mm 50
Time step, At s 20
Longitudinal dispersion coefficient, D, mm?s~! 60
Transverse dispersion coefficient, D, mm?s ! 36
Cross term dispersion coefficient, D, mm?s~! 0
Fluid injection per unit thickness, Q’ mm?s~! 12.5
Porosity, n - 0.25
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Fig. 5. Concentration variation for point A at different times.

quiet effective in improving the results of numerical solu-
tion by the ADI scheme.

Although Figs. 4-7 show a significant improvement
in the numerical results, it should be noted that there
are other kind of errors such as round-off that cannot
be removed by the provided method. More importantly,
it also should be considered that in any case all the of the
truncation errors cannot be removed as we do not have
the third- and higher-order spatial derivatives in the
equations and therefore these truncated terms cannot
be corrected in this approach.
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Fig. 7. Cumulative absolute value of errors for numerical solution
with and without correction.
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6. Conclusion

There are many numerical investigations of the
advection—dispersion equation. However, comparatively
few studies have been devoted to the more general
advection—dispersion—reaction equation. This equation
is practically important because the governing equation
of many cases fall into this category. In this work, the
expressions for the truncation errors associated with
the finite difference solution of two-dimensional
advection—dispersion equation with first-order reaction
or degradation are obtained in general. These truncation
errors are presented as function of principal and cross-
terms of Peclet and Courant numbers and Sink/Source
dimensionless numbers. The numerical dispersion is a
function of Peclet, Courant, and Sink/Source numbers.
In fact the Sink/Source number has a significant effect
on the magnitude of numerical dispersion.

It is shown that widely used finite difference schemes
have low-order truncation errors for the ADRE, even
the Crank—Nicolson approximation scheme. In fact,
none of these methods has even zero-order accuracy
for ADRE.

The variation of these truncation errors is illustrated
as function of Peclet, Courant, and Sink/Source num-
bers for explicit, implicit, Crank—Nicolson and ADI
upstream methods. Results show none of these methods
is free of truncation errors and only for some specific
values of Pe, Cr, and Sr numerical dispersion is zero.
Principal and cross-terms of numerical dispersion in-
crease with the increase of Peclet number. This trend is
inversely observed as Sink/Source number increases in
general except for Crank—Nicolson method. Moreover,
absolute value of numerical velocity and numerical reac-
tion term increase with increase in Sink/Source number,
while Crank—Nicolson scheme has lowest numerical
velocity and numerical reaction among these schemes.

The effect of these truncation errors on the solution of
two-dimensional advection—dispersion equation with
first-order reaction term is demonstrated for a case with
a known analytical solution in uniform flow field. Advec-
tion—dispersion-reaction equation in two dimensions
was solved with alternating direction implicit method.
Comparison shows that these errors are not negligible
and disturb mass balance in numerical solution. Remov-
ing these errors can significantly improve the numerical
result and produces a more accurate numerical solution;
also, it is possible to solve practical problems by suffi-
ciently increasing the time or depth increment without
numerical oscillation or artificial oscillation.
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