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Abstract

The truncation errors associated with finite difference solutions of the advection-dispersion
equation with first-order reaction are formulated from a Taylor analysis. The error expressions are
based on a general form of the corresponding difference equation and a temporally and spatially
weighted parametric approach is used for differentiating among the various finite difference
schemes. The numerical truncation errors are defined using Peclet and Courant numbers and a new
Sink /Source dimensionless number. It is shown that al of the finite difference schemes suffer
from truncation errors. In particular it is shown that the Crank—Nicolson approximation scheme
does not have second order accuracy for this case. The effects of these truncation errors on the
solution of an advection—dispersion equation with a first order reaction term are demonstrated by
comparison with an analytical solution. The results show that these errors are not negligible and
that correcting the finite difference scheme for them results in a more accurate solution. © 1999
Elsevier Science B.V. All rights reserved.
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1. Introduction

Approximating differential equations in finite difference (FD) models by discretiza-
tion introduces truncation errors. In the case of transport equations like the advection—
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dispersion equation (ADE), numerical dispersion is a well-known consequence of
truncation error. Numerical dispersion was first quantified by Lantz (1971), and Chaud-
hari (1971) as a second-order error term through examination of the truncated Taylor
series approximation of a simple, explicit FD solution of the basic, one-dimensional
ADE. Although for the case of this ADE the numerical dispersion is the only truncation
error, for the more general transport equation (e.g., with reaction) other truncation errors
are introduced.

Typically, numerical studies consider the effect of numerical dispersion (e.g., De
Smedt and Wierenga, 1977; van Genuchten and Gray, 1978; Notodarmojo et al., 1991,
Dudley et al., 1991; Moldrup et al., 1992, 1994a,b). The zero- and first-order truncation
errors in the ADE with reaction (ADER) were quantified for the first time by
Ataie-Ashtiani et al. (1995a). Also Ataie-Ashtiani et al. (1995b) showed that in some FD
schemes the variable spatial discretization caused a first order truncation error in the FD
solution of the conventional ADE. Ataie-Ashtiani et al. (1996) proposed the correction
method for the numerical truncation errors of an explicit centred in space scheme.
Moldrup et al. (1996) applied the same idea for correcting an explicit FD approximation
of the one-dimensional diffusion—reaction equation. In their work, they include the
effects of third and higher order temporal derivatives.

The primary objectives of this paper are to derive the analytical expressions for
truncation errors for the general FD form of the ADER that covers explicit, Crank—
Nicolson, and implicit schemes and to show that none of the widely used FD schemes
have second order accuracy for solving the ADER. In fact, al of these schemes do not
have even zeroth order accuracy. Finally, the effect of the correction of these truncation
errors are discussed.

2. One-dimensional ADER

The partial differential equation describing one-dimensional transient transport of
solutes through a homogeneous soil, including first-order reaction or a concentration-de-
pendent sink /source is written as

aC 9%C aC
—=D——= —-u—-kC (1)
ot 0z 0z
where C is solute concentration (M L~3), t istime (T), z is vertical distance (L), u is
the discharge per unit area (L T~1), D is the dispersion coefficient (L2 T 1), and k is
the first-order reaction rate coefficient (T~1).
It should be noted that the transport parameters are considered constants only within
each combination of time and depth increments in the calculations; otherwise the
parameters are considered variable.
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3. Finite difference approximation of ADER

The general form of FD approximation of Eq. (2), using » and « as the temporal
weighting and spatial weighting parameters, may be expressed as
Cin+ 1_ Cin Cin++ll _ 2Cin+ 1 4 Cin:rll Cin+ 1 2Cin + Cin— N
— 2 + (1 - w) 2
At Az Az

w

[ (1_ a)Cin+1+ aCin++1l_ (1_ a)cin_+ll_acin+l
— Ul o
Az

(1-a)C'+aCl ;- (1-a)C, —aC
Az

+(1-w)

— K oCM 1+ (1-w)Cl] (2)

where the superscript n refers to time, the subscript i refers to depth, At is the time
increment (T) and A z is the depth increment (L) used in the calculations.

The FD scheme reduces to the backward in time or implicit scheme when  is 1, to
the centred in time or Crank—Nicolson scheme when o is 0.5, and to forward in time or
explicit scheme when o is 0. The value of «a determines the type of spatial discretiza-
tion, and the most obvious choice of « is 0.5, which is referred to as the centred in
distance scheme. An alternative spatia weighting scheme is the upstream or upwind
scheme, which is defined by « equals 0 if u>0and a equals1if u<O.

A Taylor series expansion of C about any grid point is used to determine the form of
the truncation errors (Lantz, 1971; Chaudhari, 1971; Moldrup et al., 1994b). If the third
and higher order spatial derivatives are neglected, as they are not present in the original
transport equation, then

- cra A aC  Az? 9°C 3

h =(C + _t

N Zz 2 9z° 3

o e aC  Az% o*C A
; =C"—-Az— + — ——

i—1 i 9z 2 822 ( )
> ([ At™ 9™C
_n+1: _n_|_ -

Cn+l Cn+l A aanrl AZZ 62cn+1 6
i+1 = i + 4z 9z + 2 322 ( )
- - aanrl AZZ ‘:)2cn+l

Ci—l = CI _AZ + 2 (7)

dz 2 0z

The second and higher order temporal derivatives of C are written in terms of spatial
derivatives of C using the differentiated form of Eg. (1), again the third and higher
order spatial derivatives are neglected. It is noticed that the transport parameters are
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assumed constant within each combination of time and depth increments in the finite
difference caculations. Thus

9%C 9% (aC 9 (dC aC 9%C aC
T o ()l () ) < (- 210) 2 2
at 9z%\ at dz\ at at 9z

+k?C (8)
Analogously,
@ , ,.. 9°C , C |
?z(—Sku +3kD)8—22—3k ua—z—kC (9)
84 2,,2 3 aZC 3 J9C 4
S = (BKPU? = 4Kk°D) —— + 4kPu— +k*C (10)

or in general, for m> 2

amc m(m-—1 9°C aC
=(-1)" (—)km‘zuz— mk™ D | — + (1) "mk™ lu—
at™ 2 dz
+(-1)"k"C (12)
Therefore, Eq. (5) is written as
acC = AtM m(m-—1 9°C
Cn+l~Cn+Ata—t+ Z — —1)m(¥km‘2u2—mkm‘lD 3_22

m m—1 C m m
+(—=1) mk ua_z+(_1) k™C (12)

Inserting Eg. (12) in Egs. (6) and (7) and neglecting the spatial derivatives of third
and higher order, and considering
a%C a%C  9°C  aC
azat D a2 Yoz ka_z (13)
a3C d*C 9°C 9%C

-D—, - —k 14
az%t 0z Yoz 972 (14)
yields
ac = AT m( M(m—1) a2
Chl=CM+ At—t + Z —1(-1) — k™ 2u? — mk™ D e

aC 9%C
+ Aza—z + AtAz| —u—

aC
+(—1)mmkm‘1ua—z+(—1)mkmc g

aC = AT m a?C m 0C
—k— | +4zY — (=) "mk™ tu— + (- 1)"k"—
9z ZZ m! (=D)"m ! 972 (=1 0z
Az 9°C AzzAtka C Az i At™ mkmazc 15
2 922 2 972 — 072 (15)
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Substituting Egs. (3)—(5), (15) and (16) in Eq. (2) gives

aC

1 1
8_t: {D—ZwAtkD—!— (a—E)wAZAtuk—l-(E—a)AZU—!—(uAtuZ

B tm-1 1 ", .
+Z - Y (—k 2—k D) (—1- wkAt)

) - m = (A

Azu\ | 9%C

x(wD_MUAZJ”"T)}a—Zz—{U—zwmku
+m§2_%(_1)mkmlu (1+ wkAt)
+m§2:Am_t!m(_l)mkm}wu}%—{k_wAth
+ i m—l(_l)mkm (1+a)Atk)}C (17)

m=2[

4. Truncation error formulations

A comparison between Eq. (17) and the origina governing differential equation
shows that the discretization introduces three forms of truncation error. They can be
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identified as a second-order truncation error or numerica dispersion, D,

1 1
Dnum={_2w4tkD+ (a_E)Q)AZAtUk'l—(E—Q)AZU-f'wAtUZ

© m—1 m-—
+ Y | ———(-1)"|——k" 2w — k"D ||(—1— wkAt
P PR J|(-1-okar
m %] Atm
+ 1)"k™ u|( - wu) + — (-1 k™
Z(m 5D }(w)mgzm!( ) }
Azu
X(wD—wauAZ+wT) (18)
a first-order truncation error or numerical water velocity, U,
o] m—1
={—2wAtku+ Y [ ———(—1)"k™ tu|(1 + wkAt
Unar { ot + T | e (1) ul(1+ wka)
o Atm m
+ Y |—(-1) k"|wu (19)
m=2 m!
and a zero-order truncation error or numerical reaction coefficient, K,
0 m—1
Koum = — @Atk + Y (—1)"k™|(1 + wAtk) (20)
=2

Using the Peclet number, Pe, Courant number, Cr, and introducing a Sink /Source
number, Sr, as follows;

Pe uAz o1
"o (1)
c uAat -
r=—3 (22)
Sr = kAt (23)

Egs. (18)—(20) can be expressed as a function of the dimensionless numbers, Pe, Cr, and
31

ng={—2w$r+(a—%)wSrPe+(——a)Pe+wPeCr
B A | (O
Il P L L

X(w—waPeer;)} (24)
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Unym (_ ) m—1 - (_1)m m
. { 2wSr+m22 (m _1)|Sr (1+wSr)+mZ=:2 po— Sr lw}
(25)
Knum = (_1)m m-—1
K = —wS+ gz - Sr (1+ wS) (26)

The ratio of truncation terms to the corresponding physical terms for different FD
schemes are as follows:(1) Explicit approximation, upstream weighting with positive
velocity (w =0, a =0 with u> 0):

ng =P7e_ X [((m 1)1) ( ; Srm‘zPeCr—Srm‘l)l (@

”J”‘ é ((m 1)1)| gm (28)

fn_ 3 [(_ s l (29
(2) Explicit approximation, centred in distance (w =0, a = 0.5):

DI”D“”‘= 2 ((m 1)1)1( ; SrmzPeCr—Srml)} (30)

":m i ((m 1)1)| Srm l (31)

kn;m zmi (—mll) Srmll (@)

(3) Crank—Nicolson approximation, upstream weighting with positive velocity (o = 0.5,
a =0 with u> 0):

Dnumz{_ _SPe Pe PeCr
D 4 2 2
T [
Efe ] ST @
e 2 [ i 3] £ G2
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I(num S n = (_1)
k 2

1+5] (3)

(4) Crank—Nicolson approximation, centred in distance (w = 0.5, a = 0.5):

I peCr = | (=" (m-1_ -
D Z{_SHT_EZ (m—l)!( p O TPeCr—S )l
Sr > [ (=)™ amtpecr| = [(- 1) Srm
X(”?)_Ez (m-1)1 2 +m§2 2 l}
(36)
Unym = (_1)m m—1 Sr - (_1)m5rm
s 2] e (10 3) £ 71 @
knum Sr - (_l)m m—1 Sr
K =—?+m§2 - Sr (14—7) (38)

(5) Implicit approximation, upstream weighting with positive velocity (o =1, a=0
with u> 0):

Drum SrPe  Pe
D = —ZSr—T+?+PeCr

= (=)™ (m-1

2 ((m )1) (m2 SrmZPeCr—Srml) (1+ )

= | (- = [ (-n" Pe

Z ((m )1)|Sr’“1PeCr +2=‘, S 1+7} (39)
Unim -n" _ .., N .

__zsr+m2=‘,2( _1)'Sr (1+Sr)+mz=‘,2 - Srl (40)

Knum = (_1)'“ m-1
. =—Sr+m§2 S (1+ ) (41)

(6) Implicit approximation, centred in distance (w = 1, a = 0.5):

Dnum ( 1) m_ m-—2 m—1
5 ={—28r+PeCr—mZ_‘,2 (m—l).( 5 Sr™=2peCr — Sr )l
X (1+Sr) — il—(_l)m S 1peCr | + i (_1)m5rml} (42)
m=2 (m_l)! m=2 m!
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m

Unum = (_1)’“ m—1 = (_1) m
= —28r+m§2 —(m_l)!Sr (l+Sr)+m§2 S l (43)
Mo g = (_l)m m—1
=—-Sr+ ) S (14 S) (44)
m=2 m!

As seen, none of these methods is free of truncation errors and the widely used
assumption of zero numerical dispersion in Crank—Nicolson with a centred-in-distance
approximation is not valid for the ADER. The zeroth and first order truncation errors for
all schemes are functions of Sr only and therefore are zero for the conventional ADE
when k is zero.

Egs. (27)—(44) present D,,,/D, U,m/u and k,./k as infinite series. Figs. 1-3
show the convergence of these parameters for explicit-, Crank—Nicolson- and implicit-
upstream approximation in an example case when Pe=1 and Cr = 1. For Sr less than
0.2 just two components (m= 3) of the series gives a very good approximation of
truncation errors. Including a maximum of four terms (m = 5) of the series gives enough
accuracy in the calculation of truncation errors for the higher values of Sr. Also based on
these figures, it can be concluded that the absolute values of u,,,/u and k,,,/k
increase for all schemes with increasing Sink / Source number, Sr.

The ratio of numerical to physical dispersion coefficient, considering three terms of
the series (m = 4), as afunction of Pe and Cr for two different values of Sr, 0.1 and 0.8,
is illustrated in Figs. 4—6 for explicit, Crank—Nicolson, and implicit discretization
schemes, respectively. The figures demonstrate that for the small value of Sr, numerical
dispersion increases with increasing Pe and Cr in general, except for the Crank—Nicol-
son upstream scheme where increasing the Courant number leads to a decrease in
numerical dispersion. However, this trend is not observed for larger Sr. No trend is seen
between Sr and numerical dispersion (ie; numerical dispersion increases in some cases
and decreases in others with increasing Sr).

Fig. 5 shows that for small values of Sr the Crank—Nicolson centred-in-distance
approximation has the smallest numerical dispersion in comparison with the other
schemes, but this is not the case when Sr increases. In conclusion, Figs. 4—6 show that
the accuracy of the numerical approximation for the ADER not only depends on Pe and
Cr, as the conventional ADE does, but also on the value of Sr.

5. Removing truncation errors

The effect of zero, first and second order truncation errors on the results of the
explicit and Crank—Nicolson FD schemes which are the most widely used FD schemes,
is illustrated here. The Crank—Nicolson scheme is well-known because of its accuracy
and stability while the advantage of the explicit scheme is its simplicity. Although it is
subject to a stability criterion, the explicit scheme has been implemented in a number of
commonly used transport simulation models, i.e., the MOC code by Konikow and
Bredehoeft (1978) and the MT3D code by Zheng (1990).
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Fig. 1. Dyym /D, Upym / U and K, / k convergence for explicit—upstream scheme when Pe=1and Cr = 1.
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Fig. 2. Dyym /D, Upym /U and K, / k convergence for Crank—Nicolson—upstream scheme when Pe= 1 and

Cr=1.
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To remove the induced numerical truncation errors from the general finite difference
model, Eq. (2) is rewritten as:

Cin++ll _ ZCin+ 1 + Cin:rll Cin+ 1= 2Cin + CifL 1
*| w + (1 - w) AZZ

Cin+1 _ Cin b
At

AZ?

[ (1_a)Cin+l_ aCi”++11— (1_ a)Ci”_+11— aCin+l
—U*|w
Az

(1-a)C'+aCl; —(1-a)C; —aCf

+(1-
(1-w) e
—k#[0CM 1+ (1- w)Cl]
whereD=D — D,,;,,u* = U— Upym K* =K—K ,m- (45)

where D* =D — Dy, U* =U—Uym, K* =K—Km-

The effect of zero, first and second order truncation errors on the results of the
explicit and Crank—Nicolson FD schemes is assessed by comparing the FD model
results with the van Genuchten and Alves (1982) analytical solution. According to van
Genuchten and Alves (1982), in the case of constant u, D, and k, the analytical solution
for Eg. (1) for the initial and boundary conditions

C=0 t=0 z>0
C=C, t>0 z=0

C=0 t>0 z-o»
is
Co (u—v)z z—ut
C(z,t)=7exp T erfc B
2(Dt)?
(uto)z z+ ot
+exp erfc T (46)
2(Dt)?
where

v=(u?+4kD)"*

A semi-infinite column is considered with the parameter values u=5 mm h™1,
D =100 mm? h™* k=0.1 h"!, and C, is taken as 1000.0 mg | . This problem is
solved with Az=20 mm and At = 1.0 h. Therefore, the dimensionless numbers, Pe, Cr,
and Sr for this case are 1, 0.25, and 0.1, respectively.
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centred for Sr = 0.1. (d) Crank—Nicolson, centred for Sr = 0.8.

The sability criteria of the explicit centred in space scheme for ADER was
determined by Ataie-Ashtiani et al. (1996), using the matrix method proposed by Smith

(1978), as follows:

1
+_
AZ? 2
Az
At< —

U *

(47)

(48)
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If the same method is applied for the explicit upstream scheme, the result is

1
At< 2D = u k =
+—+—
AZ? Az 2

(49)

Fig. 7 shows the concentration ratio, C/C,, against depth for the analytical solution
and numerica solution in the cases without correction and with correction for truncation
errors. Fig. 7 shows that the correction of truncation errorsis very effective in improving
the results of the explicit upstream FD scheme. The explicit centred-in-distance scheme
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shows less error than the other explicit scheme, though an improvement in results by
correcting for truncation errors is still seen in Fig. 7b. The cumulative absolute value of
errors for the explicit upstream and centred without the corrections are 0.35 and 0.07 mg
|1, respectively. These values reduce to 0.03 and 0.008 mg | ~* when the correction is

applied.

For the cases of the Crank-Nicolson schemes, a similar problem with u= 25 mm
h !, Az=20mmand At = 5.0 hissolved. In this case, the dimensionless numbers, Pe,
Cr, and Sr, are 5, 6.25, and 0.5, respectively. Fig. 8 shows the results for the
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Fig. 7. Comparison of the analytical and numerical solutions after 20 hr: Pe=1, Cr=0.25, Sr=0.1. (a
Crank—Nicolson, upstream (b) Crank—Nicolson, centred.

Crank—Nicolson schemes. As seen, the solutions based on the Crank—Nicolson schemes
without the present correction oscillate around the analytical solution, because of the
high value of the Peclet number in this case. As expected, the oscillation of the solution
is more severe for the Crank—Nicolson centred-in-time scheme. Fig. 8 clearly illustrates
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Fig. 8. Comparison of the analytical and numerical solutions after 20 hr: Pe=5, Cr = 6.25, Sr = 0.5.

that removing the truncation errors improves the results of the both Crank—Nicolson
schemes and reduces the oscillation effects, especially for the Crank—Nicolson centred
scheme. The cumulative absolute value of errors for the Crank-Nicolson upstream and
centred without the corrections are 0.455 and 0.529 mg | %, respectively. These values
reduce to 0.237 and 0.230 mg | ~1 when the correction is applied.
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6. Conclusions

The expressions for the truncation errors associated with the finite difference solution
of the advection—dispersion equation with reaction are presented as functions of Peclet,
Courant and the new Source/Sink dimensionless numbers. It is shown that al of the
widely-used finite difference schemes have low order truncation errors, even the
Crank—Nicolson with centred-in-distance approximation scheme. In fact, none of these
methods has even zeroth order accuracy.

For small values of Sink/Source number, numerical dispersion increases as the
Peclet and Courant numbers increase, except for the Crank-Nicolson upstream scheme
where increasing the Courant number leads to a decrease in numerical dispersion.
However, this trend is not observed for larger values of the Sink /Source number where
no trend is observed between Sink /Source number and numerical dispersion. That is, an
increase in Sink /Source number leads to an increase in error in some cases while in
others it causes a decrease in the numerical dispersion value. The absolute values of
numerical velocity and the reaction term increase for all schemes with increasing values
of the Sink /Source number.

The effect of these truncation errors on the solution of an advection—dispersion
equation with a first order reaction term are demonstrated for a case with a known
analytical solution. Comparison shows that these errors are not negligible and that
correcting the finite difference scheme for them results in a more accurate solution. The
correction method will be especially useful when an accurate assessment of the solute
concentration profile is needed such as in parameter estimation studies and in providing
source terms for large-scale groundwater models.
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